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Abstract
Superfluidity is an emergent quantum phenomenon intrinsic to a wide range of condensed matter
systems, such as ultracold quantum gases, polaritons, and superfluid helium. It had been long
believed that condensation into the superfluid phase in two-dimensional matter is precluded due to
thermal fluctuations, which destroy the long-range phase coherence. However, superfluidity was
experimentally observed in a variety of two-dimensional physical systems. The key to superfluid
topological phase transitions is quantized vortices. These elementary excitations and their interactions
with phonons and rotons – other types of elementary excitations – determine the dynamics of two-
dimensional quantum fluids. Dynamics of superfluids with weak atom-atom interactions, such as
Bose-Einstein condensates in dilute gases, are typically well described within the framework of the
Gross-Pitaevskii equation. Moreover, behaviour of weakly interacting quantum fluids is subject to
an exquisite experimental control enabled by advanced methods of quantum optics. In contrast, a
complete microscopic model for superfluids with strong atom-atom interactions, such as superfluid
helium, is still an active area of research. This is accompanied by the absence of experimental methods
capable of probing thermodynamics and microscopic behaviour of strongly interacting quantum fluids
both in real time, and nondestructively in a single shot.
The major goal of the research presented in this thesis is to bring a comprehensive level of control
to strongly interacting two-dimensional quantum fluids, such as superfluid helium. We achieve this
by leveraging methods of cavity optomechanics, which provides a toolkit for ultraprecise optical
readout of superfluid dynamics. The optomechanical system reported in this thesis is comprised of a
whispering-gallery-mode optical microcavity coated with a few-nanometer thick film of superfluid
helium. The combination of the small electromagnetic mode volume and the high optical quality
factor of these microcavities enables enhanced light-matter interactions at the interface of such a
device, allowing the microscopic dynamics of two-dimensional superfluid helium to be probed with
unprecedented resolution and precision.
Throughout this thesis we first describe the theoretical aspects of coupling between light, confined
within a high-quality whispering-gallery-mode microcavity, and the mechanical motion of a superfluid
helium film. Experimental realization of such an optomechanical system allowed us, for the first time,
to track thermomechanical motion of superfluid helium in real time, i.e. faster than the oscillator’s
decay timescale. Furthermore, by damping and amplifying sound waves on superfluid thin films, we
show the ability to control thermal motion of a quantum fluid.
Exploiting our superfluid optomechanical system, we also demonstrate a new approach to generat-
ing strong microphotonic forces on a chip in cryogenic conditions. Utilising the superfluid fountain
effect, we are able to control superfluid flow, which is directed towards the localised heat source
provided by absorption of light in the material of the optical microcavity. Upon evaporation in the
vicinity of the heat source, helium atoms recoil and exert force on the resonator. We experimentally
achieve microphotonic forces one order of magnitude larger than is possible with radiation pressure
in cryogenic conditions. We utilise these forces to feedback cool a vibrational mode of the optical
microcavity down to 137 mK.
Having demonstrated the ability to track and manipulate thermal excitations in superfluid helium
and to control superfluid flow with laser light – prerequisites for generating and tracking quantized
vortices in our system – we then move on to study vortex-phonon interactions in two-dimensional
superfluid helium. We first develop a theoretical framework for these interactions and rigorously
quantify them. This framework allows us to analytically calculate the rate of the vortex-phonon
coupling for any arbitrary distribution of vortices within a cylindrical geometry. Moreover, we develop
a finite-element method to model the interaction of an arbitrarily distributed vortex ensemble with
sound in any arbitrary, perhaps multiply-connected geometry. We furthermore analyse the prospect of
detecting a single quantum of circulation in a two-dimensional strongly interacting quantum fluid.
One of the core results of this thesis is the first hitherto experimental observation of the coherent
dynamics of nonequilibrium vortex clusters in a strongly interacting two-dimensional superfluid. We
achieve this by confining superfluid helium on the atomically-smooth surface of a silicon chip, orders
of magnitude more strongly than has previously been possible, resulting in greatly enhanced coherent
interactions between vortices. The atomically-smooth surface of the chip combined with a superfluid
temperature much lower than the Berezinskii-Kosterlitz-Thouless phase transition temperature enable
the vortex diffusivity six orders of magnitude lower than in previous measurements with unpinned
vortices in superfluid helium films. The observed microscopic dynamics are supported by point-vortex
simulations. Our results open up new prospects for studying two-dimensional quantum turbulence,
phase transitions, and dissipation mechanisms in two-dimensional strongly interacting quantum fluids.
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Chapter 1
Introduction and overview
1.1 Introduction
Superfluidity is an emergent quantum phenomenon that arises in a number of condensed matter systems
at temperatures very close to absolute zero. The first system that was discovered to exhibit superfluidity
was cryogenically cooled liquid helium-4 [6, 7]. Below a certain critical temperature helium atoms
undergo Bose-Einstein condensation (BEC) into a superfluid state that exhibits strong atom-atom
interactions, long-range quantum phase coherence and is described by a macroscopic quantum wave
function [8]. The most famous macroscopic manifestation of superfluidity is flow without friction – a
phenomenon that closely resembles the resistance-less transport of electrons in superconductors [9].
The elementary excitations existing in superfluids are phonons and rotons — both manifest in the form
of sounds waves — and vortices that carry the angular momentum of the fluid and are quantized due
to the requirement of continuity of the macroscopic wave function [8]. These elementary excitations
and interactions between them determine both the macroscopic thermodynamical properties and
microscopic quantum dynamics of superfluids. Thus, the ability to resolve, track, and control the
elementary excitations is crucial to the understanding of the nature of superfluidity.
Interactions between elementary excitations are even more important in two-dimensional quantum
fluids, where the excitations in one dimension are not thermally activated. It was long believed
that, according to the Mermin-Wagner-Hohenberg theorem [10, 11], thermal fluctuations destroy
long-range phase coherence, thus precluding Bose-Einstein condensation and, therefore, superfluidity
in two-dimensional systems. Nevertheless, superfluidity was found to exist in two-dimensional
films of superfluid helium [12]. This apparent contradiction was resolved by Berezinskii, Kosterlitz
and Thouless, who realized the crucial importance of quantized vortices in understanding of two-
dimensional helium [13–16]. Kosterlitz and Thouless were awarded the 2016 Nobel Prize in Physics 1
“for theoretical discoveries of topological phase transitions and topological phases of matter” [17, 18].
They discovered that below a critical temperature two-dimensional superfluid helium undergoes a phase
transition where initially free vortices bind into pairs. The Berezinskii-Kosterlitz-Thouless (BKT) phase
1V. Berezinskii passed away in 1980.
1
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transition is a great example out of a rich range of phenomena that arise due to vortex-vortex and vortex-
phonon interactions in two-dimensional quantum fluids. These interactions determine the dynamics of
the fluid, giving rise to such phenomena as quantum turbulence [19], dissipation [20], the formation of
large-scale Onsager vortices [21], etc. However, while quantized vortices have already been observed
in bulk superfluid helium [22] and their dynamics were tracked in real time [23, 24], to date, quantized
vortices have never been directly observed in two-dimensional superfluid helium. The evidence of their
existence still remains indirect and inferred through measurements of macroscopic thermodynamic
properties [12, 25] and splitting of sound modes in two-dimensional helium films [5, 26, 27].
Since its original discovery in liquid helium, two-dimensional superfluidity has been also observed
in other quantum systems, including ultracold Bose [28] and Fermi gases [29], as well as semiconductor
exciton-polaritons [30, 31]. A major advantage allowed by these systems is the ability to control and
observe the dynamics of vortices with an exquisite precision using laser light [32,33]. This has allowed
the fascinating properties of superfluids to be explored in new regimes and with an unprecedented
level of details. Single quantized vortices have been observed both in two-dimensional BECs of dilute
gases [34] and in exciton-polariton systems [30]. Moreveor, experiments with both ultracold gases [35]
and exciton-polaritons [32] allow the direct imaging of vortex configurations in the superfluid phase.
Most recently, quantum turbulence has been observed in these systems showing, for example, the
formation of vortex dipoles with negative temperature and large-scale Onsager vortices [36, 37].
However, these experiments are generally limited to the regime of weak atom-atom interactions, where
the Gross-Pitaevskii equation provides a microscopic model of the quantum fluid dynamics. Using
Feshbach resonances it is possible to reach the strongly interacting regime in ultracold gases [29,38–41],
however, three-body collisions inherent to these systems have so far prevented the observation of
vortex dynamics in the strongly interacting regime.
Nowadays, a comprehensive model of the dynamics of strongly interacting superfluids is still
lacking. The strongly interacting regime, where the atomic scattering length is long compared to the
inter-atom separation, is the relevant regime for superfluid helium, as well as for a wide range of other
systems from string theory [42, 43] to astrophysics [44], including dark matter [45], the quark-gluon
plasma in the early universe [44], and the dense cores of neutron stars [46, 47]. The dynamics of these
systems are dominated by interactions between quantized vortices. For instance, the observed glitches
in the rotation frequency of neutron stars are thought to result from vortex unpinning events [48]. The
lacking of a comprehensive theory of the dynamics of the strongly interacting superfluids motivates
experiments to directly probe the microscopic behaviour of these quantum fluids.
1.1.1 Outstanding questions of superfluid dynamics
The vortex dynamics in strongly interacting two-dimensional superfluids are typically predicted through
phenomenological point vortex models. However, given the lack of an underpinning microscopic
theory, there exists a range of unanswered questions which are subject to contentious debate. For
instance, proposed values for the effective mass of a vortex range from zero to infinity [49, 50] and
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it remains unclear whether vortices should have inertia [49–52]. Moreover, the precise nature of the
forces experienced by vortices due to the normal-fluid component (e.g. Iordanskii force) [53–55] is
highly controversial. Furthermore, it remains unclear how to treat dissipation given the non-local
nature of the vortex flow fields [25, 56].
We will now provide a glance at the questions of the dynamics of two-dimensional strongly
interacting quantum fluids which are yet to be answered both theoretically and experimentally:
• direct experimental observation of quantized vortices;
• continuous non-destructive monitoring of the dynamics of single and ensembles of quantized
vortices;
• development of a microscopic model of vortex nucleation and annihilation – crucial for under-
standing of quantum turbulence [57];
• direct experimental observation of the vortex nucleation and annihilation dynamics;
• observation of Onsager vortices;
• understanding of superfluid dissipation in two dimensions.
The presented list of open questions is by no means exhaustive.
A major advancement in the understanding of the interactions between elementary excitations in
two-dimensional superfluid helium was gained through a series of pioneering works by Ellis et al. on
measurements of sound modes (third sound – see § 1.10) in confined thin superfluid films [26,27,58,59].
Utilizing an electrical measurement scheme, they observed the interaction of a large number of vortices
with third-sound modes on a centimeter-scale circular resonator [26,27]. Moreover, they modelled this
interaction numerically [58].
This thesis builds up on the idea to resolve quantized vortices via their interaction with con-
fined phonon excitations within a thin film of superfluid helium. We leverage the progress of the
microfabrication technologies to develop microscale optical resonators, which provide unprecedented
confinement to both vortices and phonons co-localized on the surface of the resonator. Improved
confinement enables a great enhancement of the vortex-phonon interaction, which is read out optically
using the methods of cavity optomechanics. The major goal of this thesis is to establish an exquisite
level of control over strongly interacting two-dimensional quantum fluids and to observe superfluid
dynamics in real time.
1.2 Thesis outline
This thesis consists of 6 chapters. A collage reflecting main ideas of the 4 progress chapters is shown
in Fig. 1.1.
The remaining part of the current chapter provides the background necessary for understanding the
research presented in this thesis. It covers the basics of superfluidity and optomechanics. The building
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Figure 1.1: Thesis outline. Each of the subfigures (a)-(d) reflect the main ideas of the four main progress chapters
of the thesis. (a) Chapter 2 introduces a paradigm of cavity optomechanics with thin films of superfluid helium.
(b) Chapter 3 presents our ability to control superfluid flow with light. (c) Chapter 4 details a theoretical model
of the vortex-phonon interactions in thin films of superfluid helium. (d) Chapter 5 describes the observation
of coherent vortex dynamics in a strongly interacting two-dimensional superfluid. Rendering was supplied by
C. G. Baker.
blocks of our superfluid optomechanical system – whispering-gallery-mode optical resonators and
third-sound modes in thin films of superfluid helium – are described in the second half of the current
chapter.
Chapter 2 introduces a paradigm of cavity optomechanics with thin films of superfluid helium
(Fig. 1.1a). It describes the mechanism of the coupling between optical field and the superfluid
mechanical motion. This is followed by the presentation of our experimental system. Moreover, the
chapter also describes the real-time monitoring and control of the superfluid thermomechanical motion.
Chapter 3 presents our ability to control superfluid flow with light (Fig. 1.1b). It introduces the
light-induced superfluid photoconvective forcing of a mechanical oscillator and shows that this force
is stronger than its radiation pressure counterpart. The chapter also details how the force from the
superfluid flow can be utilized to feedback cool mechanical motion of the oscillator.
Chapter 4 details a theoretical model of the vortex-phonon interactions within a thin film of
superfluid helium confined to the surface of an optical microresonator (Fig. 1.1c). Furthermore, it
introduces a method for finite-element modelling of the vortex-phonon interactions within an arbitrary
domain (not necessarily simply-connected) and for an arbitrary distribution of vortices.
Chapter 5 describes the observation of coherent vortex dynamics in a strongly interacting two-
dimensional superfluid (Fig. 1.1d). Moreover, it details the observation of evaporative heating of a
vortex cluster. The chapter also introduces a number of models of the vortex dynamics feasible in our
system and discriminates between them by comparing to the experimental results.
Chapter 6 summarises the key research outcomes presented in this thesis.
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1.3 Quantum fluids and superfluidity
A quantum fluid is a condensed matter system which remains fluid (either gas or liquid) even at
temperatures close to absolute zero [9]. Namely, at those temperatures, where the effects of quantum
mechanics start playing the dominant role, and behaviour of the system can no longer be described with
the laws of classical physics. However, a quantum fluid is a system, where not only the effects of quan-
tum mechanics are important, but also those of quantum statistics, i.e. characteristic indistinguishability
of elementary particles [60, 61]. Two most famous types of quantum fluids are the systems comprised
of bosons (superfluid helium-4, Bose ultracold gases), which undergo Bose-Einstein condensation,
and the systems comprised of fermions (superfluid helium-3, electrons in some metals), which exhibit
a phenomenon of Cooper pairing [60, 61].
The effects of quantum mechanics are significant when the thermal de Broglie wavelength of the
particles constituting the fluid becomes comparable with other typical length scales in the fluid, such
as interatomic distances [9]. Liquid helium-4 was the first discovered quantum fluid, and the field of
low-temperature physics owes its existence to liquid helium [62]. The thermal de Broglie wavelength
of helium-4 particles are always greater than the typical interatomic spacing in the fluid, and therefore
the effects of quantum mechanics are always important for liquid helium-4 [9].
When cooled below a certain critical temperature, helium-4 atoms undergo Bose-Einstein conden-
sation. Thus, liquid helium-4 undergoes a second-order phase transition and becomes superfluid [8].
The phase of liquid helium below the superfluid phase transition temperature is conventionally called
He II, whilst the phase above that temperature – He I. The condensate of helium atoms in the He II
phase is described by the macroscopic wave function (also known as “order parameter”) [8]
ψ(~r, t) = ψ0(~r, t)e
iS(~r,t), (1.1)
where ψ0(~r, t) is the function amplitude and S(~r, t) its phase.
The macroscopic velocity ~vs of the superfluid is the same function of ψ as is the probability current
in conventional quantum mechanics:
~vs =
~
mHe
∇S, (1.2)
where mHe is the mass of a helium atom. Thus, the superfluid velocity is proportional to the gradient
of the phase of the macroscopic wave function ψ of the condensate [8].
1.4 Two-fluid model
In the late 1930s three newly discovered properties of He II presented a particular perplexity. Namely,
(i) a ‘self’ filling of a tube only partly immersed in He II; (ii) the thermomechanical effect (elaborated
below in § 1.5); and (iii) the viscosity paradox [63]. In 1938, inspired by the idea of F. London that the
transition to the He II phase was a manifestation of the Bose-Einstein condensation (BEC) of helium
atoms, L. Tisza proposed a two-fluid model [64, 65], which proved to be successful in qualitative
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Figure 1.2: Density of the superfluid and normal-fluid components as a function of temperature below the
λ-transition temperature. ρs and ρn are densities of respectively the superfluid and the normal-fluid components,
and ρ = ρs + ρn is the total fluid density. Dots correspond to the density values taken from Ref. [68] and solid
lines are interpolations.
explanation of the above baffling experimental observations and was further developed by L. Landau
in 1941-1947 who put forward a set of two-fluid equations of motion [66, 67].
The basic idea of the two-fluid model is that He II behaves as if it were comprised of two
intermingled fluids, one of which is superfluid and exhibits zero viscosity, while the second one is
normal fluid and behaves like a classical viscous liquid [8, 9]. Both of these fluid components have
their own independent densities and the total density ρ of liquid helium II is the sum of the densities of
the two components [8]:
ρ = ρs + ρn, (1.3)
where ρs and ρn are densities of respectively the superfluid and normal fluid constituents. Both ρs and
ρn depend on temperature, as shown in Fig. 1.2. It was found empirically that at very low temperatures,
near T = 0, almost of the helium atoms condense in BEC, which results in the total density being
comprised almost entirely of only the superfluid component, i.e. ρs ∼ ρ and ρn ∼ 0. The situation is
opposite close to the λ-point temperature, where nearly all of the atoms belong to the normal-fluid
constituent, i.e. ρs ∼ 0 and ρn ∼ ρ (Fig. 1.2). At absolute zero temperature all of the helium atoms
participate in the superflow, and this particle fraction gradually drops as the temperature is raised [9]
(Fig. 1.2).
The two-fluid hydrodynamics entails some important properties of both fluid constituents. The
normal-fluid component carries entropy as a result of the chaotic motions of atoms in the normal fluid.
In contrast, the superfluid component is comprised of the Bose-Einstein condensate which embodies a
single many-body quantum state, and therefore does not carry entropy. Thus, heat in superfluids is
conducted purely by the normal-fluid component.
Another important characteristic of the two-fluid model is that there is no friction between the
superfluid and normal-fluid components when they move “through each other”, i.e. there is no
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momentum exchange between them [8, 9]. However, it is important to note that the superfluid and
normal-fluid components are inseparable, i.e. upon randomly picking a helium atom from liquid He II
it is impossible by any means to tell whether the atom belongs to the superfluid or the normal-fluid
component — all helium atoms are identical and all together comprise liquid He II.
In the following, we will be referring to He II as just ‘superfluid helium’.
1.5 Superfluid thermomechanical effect
One of the consequences of the two-fluid model – namely that only the normal-fluid component carries
entropy – is a peculiar thermomechanical effect. It is best illustrated in an experiment where two
containers filled with He II are linked via a narrow channel (superleak) [9, 67]. The temperature and
pressure in both containers are equal at the beginning of the experiment. A pressure increase in one of
the containers results in a flow of helium towards the second one. This results in a thermal imbalance,
whereby the temperature in the container with less helium is raised, whereas the temperature in the
other is decreased. This is explained by the fact that the viscous normal-fluid component is clamped
within the very thin capillary connecting the containers, whilst the superfluid component can freely
flow from one container to the other. Since the normal-fluid component is immobilized, it cannot
transfer entropy. Hence, there is a mass flow of He II but no heat transfer. And in the container
with less helium internal energy is redistributed within a smaller amount of He II, resulting in its
temperature increase [9, 67]. Remarkably, making the pressure in the containers equal again brings the
system to its initial condition, indicating that the process is reversible [69].
A reversal of the experiment, whereby heating creates a pressure difference, gives rise to the famous
fountain effect, which was first observed by J. Allen and H. Jones in 1938 [70]. In this experiment, a
narrow-necked flask filled with a dense powder (superleak) and open at the bottom is immersed in He
II. When the flask is heated, the temperature difference generates a net superflow through the superleak
in order to minimize the superfluid gradient. The superflow rushes towards the heat source with high
velocity and spouts out above the free surface of He II through the narrow neck of the flask.
The characteristic of superfluid helium to flow towards regions with raised temperature is exploited
in our experiments presented in this thesis. For example, in chapter 3 we utilize the thermomechanical
effect to apply an optical force to a mechanical oscillator at the microscale. Namely, if a light-induced
heat source is placed onto the mechanically compliant element, such as in Fig. 1.3, the superfluid
component flows towards the heat source and thereby imparts momentum onto the mechanical
oscillator.
1.6 Sound waves in superfluids
Collective mechanical excitations propagating in superfluids in the from of waves are conventionally
called “sound” [8, 69]. The two-fluid model of superfluid helium gives rise to different types of sound,
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Figure 1.3: A prototype configuration for exploitation of the superfluid thermomechanical effect in optome-
chanical systems. In this set-up, a heat source (red glow) is placed onto a mechanically compliant element.
This initiates flow of the superfluid component (blue arrows) towards the heat source and counterflow of the
normal-fluid component (red arrow) in the opposite direction. Upon arrival at the mechanical element, the
superflow imparts momentum onto the oscillator. Rendering was provided by C. G. Baker.
depending on whether the helium is bulk, two-dimensional, or confined within a fine capillary. Here
we provide a brief overview of the commonly distinguished types of sound.
• First sound is intrinsic to bulk superfluid helium. It constitutes as fluid density fluctuations
driven by changes in pressure at almost constant entropy (i.e. sound velocity only very weakly
depends on temperature) [63]. In this case both normal and superfluid components oscillate in
phase with each other. First sound is analogous to ordinary sound in a classical fluid, which
requires finite compressibility of the system [71].
• Second sound manifests as entropy fluctuations driven by changes in temperature at almost
constant total density [63, 72, 73]. In this case normal and superfluid components oscillate
out-of-phase relative to each other, thus, maintaining zero net flow of mass [8]. Therefore, in
the limit of negligible thermal expansion, second sound can be treated as pure temperature
oscillations. Similar to the first sound, second sound is also characteristic to bulk superfluid
helium. The velocity of second sound strongly depends on temperature and becomes zero at the
superfluid phase transition temperature. Thus, this type of wave is specific only to superfluids
and does not exist in ordinary classical liquids [67].
• Third-sound is a surface wave propagating on a thin film of superfluid helium on a solid substrate.
Here, the superfluid component oscillates parallel to the substrate while the normal component
is viscously clamped. This type of sound is central to this thesis and will be elaborated in § 1.10.
• Fourth sound is a wave propagating along a fine capillary with a diameter smaller than the
viscous penetration depth [8, 67]. This means that, similar to the third sound, the normal
component is immobile due to viscosity and only the superfluid component can sustain motion.
Therefore, the fourth sound is accompanied not only by oscillations of density, but also of
pressure, temperature, entropy and the relative superfluid density ρs/ρ, where ρ is the total
density. Fourth sound propagates with almost no damping [69].
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1.7 Quantized vortices
Vorticity is an ubiquitous phenomenon in nature. It is inherent to a wide range of condensed matter
systems from classical fluids [74] to superconductors [8]. Observation of vorticity in a classical fluid
is a trivial endeavour: all is required is, for instance, stir water in a glass with a spoon. However,
the problem of vorticity is much more delicate in relation to quantum fluids. Unlike their classical
counterparts, vortices in quantum fluids possess circulation quantized in terms of the Planck constant.
This is dictated by the intrinsically quantum nature of superfluidity.
To demonstrate this, let’s consider a bucket filled with superfluid helium and examine the circulation
κ around a closed contour L1, as schematically shown in Fig. 1.4 (left). The circulation is defined as
κ =
∮
L1
~vs · d~l. (1.4)
Here, ~vs is the velocity of the superfluid flow. In § 1.3 we have seen that ~vs is proportional to the
gradient of the phase of the macroscopic wave function ψ(~r, t) describing BEC of helium atoms in the
He II phase (see Eq. (1.1)). Plugging Eq. (1.2) into Eq. (1.4), we can write
κ =
~
mHe
∮
L1
∇S · d~l = ~
mHe
(∆S)L1 , (1.5)
where (∆S)L1 is the change in the phase after completing one loop around the contour L1.
The macroscopic wave function ψ(~r, t) is single-valued and, thus, upon the completion of a full
trip around the closed contour L1 in Fig. 1.4 (left), ψ(~r, t) should stay unchanged. This results in a
restriction on the wave function phase S(~r, t), which is allowed to change only by an integral multiple
of 2pi. As can be seen from Fig. 1.4 (left), the fluid in the container occupies a simply-connected
domain, i.e. the contour L1 can be reduced to a single point. Then the phase S(~r, t) can take any value
in the range from 0 to 2pi at the point of the L1 reduction. But this would again violate the requirement
for the wave function to be single-valued. The only solution to avoid this is to set the amplitude of the
wave function to zero at the L1 reduction point. Therefore, this implies the absence of the condensate
at the point where ψ(~r, t) = 0 and, hence, the absence of the He II phase at that point. This naturally
leads to the idea that the domain occupied by helium in its He II phase should be multiply-connected
in order to ensure that the condensate wave function is single-valued. A multiply-connected domain
is illustrated in Fig. 1.4 (right). Contour L2 now encloses the obstacle (‘hole’) in the domain and
describes a closed path fully passing through the superfluid . The superfluid circulation around contour
L2 is not equal to zero. Given that the wave function phase S(~r, t) can take only integer multiples of
2pi, the circulation given by Eq. (1.5) around contour L2 enclosing the obstacle is quantized [8, 75]:
κ = n
h
mHe
, (1.6)
where n is an integer 0, 1, 2, ...; h is the Planck constant. For n = 1, κ is known as the quantum of
circulation and is equal to κ = 9.98× 10−8 m2s−1. In superfluids, the obstacle in Fig. 1.4, from which
the superfluid component is excluded, is called a vortex core and manifests as a region comprised of
only the normal-fluid component. In superfluid 4He the size of a vortex core is ∼ 1 A˚ngstro¨m [8].
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Figure 1.4: Contour L1 in a simply-connected domain (left) can be reduced to a single point. Contour L2
enclosing an obstacle in a multiply-connected domain (right) cannot be reduced to a single point and leads to the
quantization of the superfluid circulation.
It is interesting to note that there is a qualitative distinction between classical and quantum vortices
imposed by the quantum mechanics: the circulation of vortices in superfluids is quantized, which
makes them stable entities immune to a dissociation into any smaller constituents; whereas classical
vortices are subject to inevitable diffusive effects of viscosity, which makes them prone to a division
into smaller vortices. Having said that, we would like to point out that quantum turbulence is a
phenomenon immensely hard for full theoretical description and is a subject of an intensive ongoing
research [76, 77].
1.8 A glance at optomechanics
The field of optomechanics explores the coupling and energy exchange between light and mechanical
degrees of freedom [78–81]. While the mechanism of the interaction between optical field and a thin
film of superfluid helium is elaborated in § 2.2, here we introduce a generic optomechanical system
and define its most important figures of merit. An archetypal set-up consists of a laser-driven Fabry-
Perot optical cavity one mirror of which is mechanically compliant and the other is fixed (Fig. 1.5).
Fundamentally, the optomechanical coupling arises through the modulation of the cavity spectrum
induced by the motion of the compliant end-mirror. In return, the mechanical oscillator is subject to
an optical force that depends on the number of photons in the cavity. Thus, the intracavity optical
field both drives the mechanical oscillator via radiation pressure and measures its motion through the
amplitude or phase detection.
The Hamiltonian of the optomechanical coupling can be written as [82]
Hˆ = ~ω(xˆ)aˆ†aˆ+ ~Ωmbˆ†bˆ, (1.7)
where ω and Ωm are respectively the optical and mechanical frequencies; aˆ (bˆ) and aˆ† (bˆ†) are
respectively the photon (phonon) annihilation and creation operators. Terms describing the laser
driving and optical and mechanical dissipation are omitted. The optical resonance frequency is a
function of the position of the compliant end-mirror which is given by xˆ = xzpf
(
bˆ+ bˆ†
)
. Here, xzpf
CHAPTER 1. INTRODUCTION AND OVERVIEW 11
dx
κ
ω
Γm
Ωm
Input laser
Cavity Mechanicaloscillator
L
Figure 1.5: An archetypal optomechanical system comprised of a Fabry-Perot optical cavity one mirror of
which is mechanically compliant and the other is fixed. Displacement of the moveable mirror is denoted as dx.
The optical and mechanical resonance frequencies are respectively given by ω and Ωm and the corresponding
dissipation rates as κ and Γm. L is the cavity length.
is the root-mean-square displacement due to quantum-mechanical zero-point fluctuations which read:
xzpf =
√
~
2meffΩm
, (1.8)
where meff is the effective mass of the oscillator. Typically, xzpf is of the order of femtometers.
The resonance frequency of the cavity is given by ω = mpic
L
, where L is the cavity length and m is
the optical mode number. In the limit when the mirror displacement dx is much smaller than L, the
frequency ω can be Taylor-expanded to the first order in the displacement of the moveable mirror:
ω (xˆ) ≈ ωcav −Gxˆ, (1.9)
where ωcav is the cavity resonance frequency for x = 0. Here, we introduced the optomechanical
coupling coefficient G, which shows the optical resonance frequency shift per displacement:
G =
∂ω
∂x
∣∣∣∣
x=0
(1.10)
Plugging the above into Eq. (1.7), we can notice the emergence of a term −Fˆ xˆ, where Fˆ is the
radiation pressure force:
Fˆ = ~Gaˆ†aˆ. (1.11)
Thus, we arrive at the standard optomechanical Hamiltonian, which reads [82]:
Hˆ = ~ωcavaˆ†aˆ+ ~Ωmbˆ†bˆ− ~g0aˆ†aˆ
(
bˆ+ bˆ†
)
. (1.12)
Here we defined the optomechanical single-photon coupling rate g0 as
g0 = Gxzpf . (1.13)
It shows the optical resonance frequency shift induced by a displacement equal to xzpf .
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Since most of the experiments can be described within the regime of linearized optomechanical
interactions, we next perform the Hamiltonian linearization. To do this, we assume a bright pump laser
field of the form aˆ = (α + δαˆ)e−iωLt, where α =
√
Nph is the amplitude of the intracavity optical
field and δαˆ represents field fluctuations operator. Then we can write the photon number as
aˆ†aˆ = α2 + α
(
δαˆ + δαˆ†
)
+ δαˆ†δαˆ. (1.14)
The linearization is performed by neglecting the product of the fluctuation operators – the last term (it
is much smaller than the other terms). We also omit the first term as it represents just a classical static
force. Going into a frame rotating at the laser frequency, we arrive at the Hamiltonian of linearized
optomechanics [82]:
Hˆ ≈ −~g0α
(
δαˆ† + δαˆ
) (
bˆ+ bˆ†
)
︸ ︷︷ ︸
linearized optomechanical interaction
+~Ωmbˆ†bˆ− ~∆δaˆ†δaˆ, (1.15)
where ∆ ≡ ωL − ωcav is the laser detuning from the cavity resonance. We can also introduce the
optomechanical coupling strength g = g0α, which scales with the number of intracavity photons and
can be tuned by the amplitude of the pump laser. We also define one of the most important figures of
merit of an optomechanical system – cooperativity, which is given by
C =
4 g2
κΓM
, (1.16)
with κ being the optical decay rate. The cooperativity compares how fast the energy between optical
and mechanical degrees of freedom is coherently exchanged relative to how fast the energy is lost
via the optical and mechanical dissipation channels [78].
Optomechanical systems are known to exhibit an exquisite sensitivity to external perturbations
which is broadly exploited for sensing of various fields and matter, from detetion of gravitational
waves [83] to weighing of a single molecule [84]. This thesis demonstrates how the exquisite sensitivity
of an optomechanical system facilitates an investigation of the microscopic dynamics of strongly
interacting quantum fluids, such two-dimensional superfluid helium.
1.9 Whispering-gallery-mode optical microresonators
In order to boost the coherent energy exchange between optical and mechanical degrees of freedom
and enhance the cooperativity of the system (Eq. (1.16)), optical and mechanical dissipation rates
should be minimized. This can be achieved by optimizing the quality of both optical and mechanical
resonators. While chapter 2 elaborates on the latter, here we discuss microcavities that provide optical
modes with exceptionally low decay rates – whispering-gallery-mode resonators (WGM) [85, 86].
Optical whispering-gallery modes received their names in analogy with travelling acoustic waves
observed in the whispering gallery of St. Paul’s Cathedral in London and described by Lord
Rayleigh [87]. WGM optical resonators are dielectric or semiconductor structures that confine
light to small volumes for an extended amount of time [88]. Such dielectric structures generally have
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circular or elliptical shape and guide light in closed paths via total internal reflection. Optical energy is
typically confined to the periphery of the resonator. Resonances occur if an integer multiple of the
light wavelength matches the effective path length along the circumference of the resonator. Then the
photon lifetime in the cavity is enhanced through constructive interference. The resonance condition
can be written as
2 pi Rneff ' mλ, (1.17)
where R is the resonator radius, neff its effective refractive index, and λ is the vacuum wavelength of
light confined in the cavity. The integer m is the azimuthal order of the WGM and determines the
number of nodes of its electric field along the resonator circumference. Solving Maxwell’s equations
in a circular domain with appropriate boundary conditions can yield degenerate WGM modes with the
same azimuthal order m [89]. However, these modes differ in the number of their nodes along the
resonator radius – radial WGM order is denoted by the integer p. The mode with p = 1 has its optical
energy confined close to the resonator’s outer boundary.
WGM optical resonators offer a number of desirable properties for optomechanical applications:
• Low optical decay rates and, hence, high quality factors [88]. In WGM resonators two major
contributors to the optical dissipation – absorption and scattering – can be kept very low through
respectively the selection of appropriate resonator materials and atomically-smooth interfaces.
Optical quality factors of WGM resonators can be as high as 1.2× 109 [90];
• High refractive index of the resonator material allows small mode volumes (typically sub-µm3);
• Easy optical coupling through the evanescent field from an optical waveguide placed in the
proximity to the resonator;
• WGM resonators simultaneously confine optical field and sustain a variety of in- and out-of-
plane mechanical modes. The small optical mode volume allows a large overlap between optical
and mechanical energies, resulting in an optimized optomechanical coupling.
A combination of high quality factors and small mode volumes enhances light-matter interactions at
interfaces of WGM resonators and makes them highly sensitive to any external perturbations occurring
in the vicinity of the confined optical mode. For instance, WGM resonators are used for biosensing
applications [91]. Moreover, the enhanced light-matter interactions and large optomechanical coupling
rates make WGM resonators highly suitable candidates for investigating dynamics of quantum fluids in
real time. This determines our choice of WGM resonators for the exploration of microscopic properties
of thin films of superfluid helium presented in this thesis.
Various shapes and sizes of WGM resonators have been demonstrated over the past two decades.
These include, but are not limited to, microtoroids [92, 93], silicon [94] and GaAs [95] microdisks,
double-disk resonators [96], microspheres [97, 98], etc.
For our optomechanical configuration with thin films of superfluid helium, described in detail
in chapter 2, we typically utilize either silica microtoroids or microdisks, shown respectively in
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Figure 1.6: Scanning-electron-microscope (SEM) images of a WGM microtoroid (left) and a microdisk (right),
which are typically used in our experiments exploring the microscopic properties of thin films of superfluid
helium. Intensity profiles of the lowest-order whispering-gallery modes supported by each of the resonators are
shown under their SEM images.
Figs. 1.6a & 1.6b. These devices are fabricated from a thick silicon wafer bearing a thin thermal
oxide layer (silica). Disks are defined in the silica layer by the means of photolithography and
hydrofluoric acid (HF) wet-etch. These steps are followed by a XeF2 gas-phase selective etching of
the silicon material which leaves the silica disks isolated from the substrate and on top of a silicon
pedestal (Fig. 1.6). Microtoroids are made from the disks through a CO2 laser reflow which ensures
atomically-smooth inner surface of the cavity with minimized optical losses and enhanced quality
factor. Fabricated devices show a number of WGM families, with optical quality factors in the range
of 105 − 106 for microdisks and ∼ 107 for microtoroids.
We would like to point out that silica is an excellent choice for the WGM resonators used for the
experiments presented in this thesis, as the thermal oxide layer inherits the pristine smoothness of
commercially grown single-crystal silicon wafers. In particular, the atomically-smooth upper surface
of the resonators minimizes vortex pinning effects, allowing us to study coherent vortex dynamics in
two-dimensional superfluid helium (see § 5.11).
1.10 Third sound
The mechanical degree of freedom in the optomechanical system presented in this thesis is provided
by the motion of a thin film of superfluid helium. Such motion is called third sound (see § 1.6) and
constitutes fluctuations of the film thickness which propagate like a surface wave [26, 99–105]. In the
case of thin films (typical thickness is d ≈ 1 to 20 nm) the normal fluid component is clamped to the
substrate due to its viscosity µ, as the viscous penetration depth at temperatures below the superfluid
phase transition is δ =
√
2µ
ρΩ3
≈ 200 µm to 200 nm (for third-sound frequencies Ω3/2pi = 1 Hz to
1 MHz), i.e. δ  d. Therefore, only the superfluid component sustains mechanical motion and, since
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Material αvdw, m5s−2
Silica 2.6× 10−24
CaF2 2.2× 10−24
Silicon 3.5× 10−24
MgO 2.8× 10−24
Table 1.1: Van der Waals coefficients for four sample materials which can serve as a substrate for a thin film of
superfluid helium [3].
in most experimental conditions the third-sound wavelength λ3 is much greater than the film thickness
d, oscillates parallel to the substrate. Third-sound waves have been observed in films as thin as only a
few atomic layers [104].
A sketch of a third-sound wave is shown in Fig. 1.7a. Waves crests contain a larger fraction of
superfluid than equilibrium. And since the superfluid component does not carry entropy, i.e. no thermal
energy (see § 1.4), this results in a lowered temperature on the crest. In contrast, troughs contain a
smaller fraction of superfluid than equilibrium and, therefore, have higher temperature [8, 69]. The
natural flow of the superfluid component towards heated troughs via the fountain effect (see § 1.5) drives
the third-sound wave propagation. Moreover, since the troughs are hotter, helium atoms evaporate
and recondense onto the colder crests. The third-sound wave is, therefore, naturally accompanied
by temperature fluctuations [8]. Figure 1.7b illustrates the flow profile of the third-sound wave with
directions of motion of the constituent helium atoms (red arrows). Since atoms under the crests move
in-phase with the film surface deformation, their velocity is positive, whereas the velocity of atoms
under the trough is negative. The condition of irrotationality of the superfluid flow in the third-sound
wave, i.e.
∮
~v · ~dl = 0 for any closed loop inside the superfluid, demands that velocities of all helium
atoms under the wave deformation profile are equal in magnitude, i.e. third-sound velocity ~v3 does not
depend on z. Therefore, third-sound wave is associated with net mass flow: at any given time there is
more fluid moving rightwards under the peaks than leftwards under the troughs (for the direction of
the wave propagation in Fig. 1.7b). It is this net mass flow of the third-sound wave that couples to a
vortex flow field, resulting in a vortex-induced third-sound mode frequency splitting (see chapter 4).
Third-sound waves are identical to surface waves on a shallow water, although with a crucial
difference: the restoring force for water waves is provided by gravity [106], whilst for third-sound it is
provided by an attractive van der Waals interaction between helium atoms in the superfluid film and
atoms of the substrate. The van der Waals force per unit mass is given by
Fvdw =
3αvdw
d4
, (1.18)
where αvdw is the van der Waals coefficient characterizing the strength of the interaction between the
film and the substrate. Van der Waals coefficients vary for different materials; as an example, a few of
these coefficients are provided in Table 1.1.
Equations of motion governing the dynamics of third-sound waves are analogous to those for a
classical liquid. For an inviscid and incompressible fluid, and in the limits of very long wavelength
CHAPTER 1. INTRODUCTION AND OVERVIEW 16
Wave at t0
Wave at t0+∆t
Propagation direction
η
d
Superfluid velocity
A B
η
d
Condensation
Evaporation
Hot Cold Hot Cold
a
b
Figure 1.7: (a) Sketch of a third-sound wave. d – mean superfluid film thickness, η – amplitude of the thickness
deflection from equilibrium. Troughs contain a smaller fraction of the superfluid component than equilibrium
and are, therefore, associated with raised temperature (because superfluid does not carry thermal energy). In
contrast, crests contain more superfluid than equilibrium and are thereby colder. Helium atoms evaporate from
the troughs and recondense onto the crests. (b) Flow profile of a third-sound wave. All atoms under the film
surface have the same velocity magnitude. Atoms under the crests move in the direction of the wave propagation,
whereas those under the troughs move in the opposite direction. Since there are more atoms under the crests
than under the troughs, the third-sound wave is associated with net mass flow.
d λ3 and small wave amplitudes η  d, these equations are presented by the continuity equation
∂η
∂t
= −d ~∇ · ~v, (1.19)
and by a linearized form of the Euler equation
∂~v
∂t
= −g ~∇η, (1.20)
where g is the linearized acceleration due to the attractive van der Waals force to the substrate [8, 99].
The continuity equation Eq. (1.19) represents the conservation of mass and states that fluid influx in a
particular region should result in film thickness increase in that region [8, 26, 27]. The linearized Euler
equation Eq. (1.20) derives from Newton’s second law and constitutes momentum conservation.
1.10.1 Third-sound mode profiles
Assuming oscillatory solutions to equations (1.19) & (1.20) and eliminating from them velocity ~v, we
can obtain a wave equation for the third sound:
∇2η + k2η = 0, (1.21)
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Figure 1.8: Radial profiles η(r) for the first three rotationally invariant (m = 0) third-sound modes with fixed
(right) and free (left) boundary conditions. d is the mean superfluid film thickness. The red glow represents an
optical mode confined to the periphery of the resonator. The superfluid film and the WGM resonator are not
drawn to scale.
where k is the wave number. For resonators with cylindrical symmetry (such as WGM resonators),
relevant to the experiments presented in this thesis, solutions to the wave equation η(r, θ) can be
found via separation of variables in cylindrical coordinates (r, θ) [105, 107]. A general solution for
the third-sound mode profile (r, θ) is dictated by the confining geometry. For circular resonators, it is
based on the Bessel function of the first kind and is given as [26, 27, 105]
η (r, θ, t) = η0 Jm
(
ξm,n
r
R
)
ei(mθ−Ω3 t). (1.22)
Here, Jm is the Bessel function of the first kind of order m, ξm,n is a frequency parameter which
depends on the mode order and boundary conditions; m and n are azimuthal and radial mode numbers
respectively; η0 is the mode amplitude; and R is the resonator radius. Modes with m = 0 are
rotationally invariant, whereas those with m > 0 are rotationally non-invariant. Typically, rotationally
invariant modes exhibit the largest optomechanical coupling [95].
The third-sound phase velocity c3 can also be identified from the wave equation Eq. (1.21) and is
given by [99]
c3 =
√
ρs
ρ
Fvdw d =
√
3
ρs
ρ
αvdw
d3
, (1.23)
where ρs/ρ is the ratio of the superfluid to total fluid density. The velocity c3, combined with appropriate
boundary conditions, defines the third-sound frequency (given below as an angular mechanical
frequency):
Ω3 = km,n c3 = ξm,n
c3
R
. (1.24)
Here, km,n = ξm,n/R is the wave number.
1.10.2 Boundary conditions
The type of confinement provided by the resonator determines boundary conditions for the third-sound
wave. These conditions are distinguished as “fixed” – Dirichlet – and “free” – Neumann (Fig. 1.8).
The general solution to the wave equation for the third sound (Eq. (1.22)) is valid for both types of the
boundary conditions, however yields distinctly different characteristic modes shapes for the two cases.
The fixed boundary condition implies zero superfluid displacement at the periphery of the resonator,
i.e. η(R, θ, t) = 0 (Fig. 1.8a). This, in turn, requires the Bessel function to be Jm
(
ξm,n
r
R
)
= 0 and,
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Fixed n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8
ξ1,n 3.832 7.016 10.174 13.324 16.471 19.616 22.760 25.904
Ω3/2pi, kHz 162.114 296.819 430.424 563.705 696.847 829.917 962.945 1095.95
Free n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8
ξ′1,n 1.841 5.331 8.536 11.706 14.864 18.016 21.164 24.311
Ω3/2pi, kHz 77.897 225.565 361.159 495.263 628.856 762.210 895.432 1028.58
Table 1.2: First eight values of the frequency parameter ξ and frequencies for (m = 1, n) third-sound modes. In
the case of the fixed boundary conditions the frequency parameter ξ corresponds to zeros of the Bessel function
Jm, whereas for the free boundary conditions ξ′ corresponds to zeros of the Bessel function derivative J ′m.
Third-sound frequencies Ω3/2pi are computed for a resonator with the following parameters: radius R = 30 µm,
film thickness d = 5 nm.
����� ����� �����
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Figure 1.9: Displacement profiles of a few sample third-sound modes on a circular resonator with fixed and free
boundary conditions. Mode orders are shown above of each of the modes.
hence, the argument
(
ξm,n
r
R
)
has to be a zero of Jm. Therefore, the frequency parameter ξm,n has to
correspond to zeros of Jm, such that ξm,n is the nth zero (e.g. ξ0,1 = 2.405, ξ1,3 = 10.174, ξ5,7 = 28.627,
etc. See Table 1.2). The fixed boundary condition allows fluid flow in and out of the resonator and,
therefore, does not conserve volume. The superfluid film thickness at the boundary is fixed to the
equilibrium value (Fig. 1.8a).
The free boundary condition requires the radial derivative of the superfluid displacement, i.e. radial
velocity of the superfluid flow, to be zero at r = R, i.e. ∂Rη(R, θ, t) = 0 [105] (Fig. 1.8b). Hence, the
derivative of the Bessel function must also be zero, i.e. J ′m
(
ξm,n
r
R
)
= 0, and that is ensured by the
argument being a zero of J ′m. This entails that the frequency parameter in this case has to correspond
to zeros of J ′m, such that ξ
′
m,n is the n
th zero (e.g. ξ0,1 = 3.832, ξ1,3 = 8.536, ξ5,7 = 27.010, etc. See
Table 1.2). Since the superfluid flow velocity at the resonator periphery is equal to zero, there is no
flow across the boundary and, thus, the free boundary condition is volume conserving (“no-flow”
boundary condition [105]). This also allows fluctuations of the film thickness at the resonator periphery
(Fig. 1.8b). Displacement profiles of a few sample third-sound modes on a circular resonator with both
fixed and free boundary conditions are shown in Fig. 1.9.
Boundary conditions for superfluid third-sound resonators are not typically known from first
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principles and usually determined from the measured mode spectrum frequencies (e.g. like in § 5.4).
Both fixed [20, 105, 107] and free [5, 26, 27, 108] boundary conditions have been reported in the
literature.
Chapter 2
Optomechanical platform for probing
two-dimensional quantum fluids
This chapter incorporates a fraction of the work published by IOP Publishing:
C. G. Baker, G. I. Harris, D. L. McAuslan, Y. Sachkou, X. He, W. P. Bowen. Theoretical framework
for thin film superfluid optomechanics: towards the quantum regime. New Journal of Physics 18,
123025, 2016;
and part of the work published by Springer Nature Publishing AG:
G. I. Harris, D. L. McAuslan, E. Sheridan, Y. Sachkou, C. Baker, W. P. Bowen. Laser cooling and
control of excitations in superfluid helium. Nature Physics 12, 788-793, 2016.
In this chapter we present a paradigm of cavity optomechanics with thin films of superfluid helium.
Two-dimensional superfluid films offer a number of desirable properties for both optomechanical
protocols and investigation of quantum fluids. These properties include, but are not limited to, ultra-
low mechanical dissipation and optical absorption, self-assembling nature of films on an optical
cavity, strong coupling of superfluid mechanical excitations to quantized vortices, etc. We describe
the mechanism of dispersive optomechanical coupling between an optical field confined within a
whispering-gallery-mode resonator and mechanical vibrations of the superfluid film uniformly coating
the resonator. The film naturally forms on surfaces due to a combination of ultra-low viscosity and
attractive van der Waals forces. This is followed by the description of the experimental implementation
of the optomechanical scheme with thin superfluid films. Enhanced light-matter interaction between
confined optical field and superfluid film allowed us to resolve and track thermomechanical motion of
superfluid helium in real time, which is the first demonstration of such capability to our best knowledge.
This is crucial for understanding of both micro- and- macroscopic properties of superfluid helium.
Moreover, utilizing the effect of dynamical backaction we also demonstrated the ability to laser cool
and heat mechanical modes of the superfluid film.
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2.1 Introduction
The field of cavity optomechanics studies the interaction between confined optical field and mechanical
degrees of freedom [78, 81]. To date, the majority of optomechanical configurations have relied on
mechanical motion of solid-state oscillators, such as thin membranes [109–111], micromirrors [112],
nanorods [113], whispering-gallery-mode (WGM) resonators [114–116], photonic crystals [117],
etc. Optomechanical methods applied to these structures enabled an exquisite control over mechanical
degrees of freedom even at the quantum level, which lead to such breakthroughs as cooling of
mechanical oscillators to their quantum ground states [118, 119], quantum squeezing of motion in
mechanical resonators [120, 121], preparation and control of non-classical states of motion [122],
entanglement between macroscopic mechanical oscillators [123, 124], etc.
Micro- and nanoscale mechanical oscillators actuated via their interaction with light enable
applications of ultraprecise sensing of various physical quantities and systems [125–128]. In light of
this, the utility of optomechanical applications has been extended to biological systems; for instance,
for their detection and interrogation. The necessity to study biological objects, such as living cells, in
their natural aqueous environments [129] has sparked a great interest in investigating optomechanical
systems that interact with or are immersed in liquids [130–134]. For example, immersed optomechanics
have made it possible to weigh single bacterial cells, nanoparticles, and proteins with sub-femtogram
resolution [84]. However, viscous damping and substantially degraded mechanical quality factors of
resonators in aqueous environments impose a constraint on the sensitivity and resolution of liquid-
submerged optomechanical oscillators. In contrast, viscous damping can be dramatically reduced
by confining a liquid inside the resonator, as opposed to immersing the resonator in liquid [135].
Optomechanical oscillations excited within hollow microfluidic resonators [136, 137] are sensitive to
the change of properties of the liquid inside the cavity and have enabled, for instance, optical sensing
of liquid density [138] and high-accucary measurements of fluid viscosity [139].
In a reverse approach, liquids are used as resonators themselves. Surface tension shapes liquid
droplets into impeccable spheres with atomically-smooth surface that can act as high-quality WGM
resonators and co-host both optical and acoustic resonances [140]. For instance, droplets of water
sustain both capillary oscillations [141, 142] and acoustic modes [143] which can be read out optically.
An efficient interaction between acoustical and optical resonances within the droplet can result in
stimulated Brillouin scattering, allowing the droplet to perform as a hypersound laser [144]. Moreover,
droplets of other liquids, such as glycerol, have been used to perform high-resolution humidity
sensing [145].
Typically, in order to maximize the rate of coherent exchange of energy between optical and
mechanical degrees of freedom, optical and mechanical dissipation rates should be minimized. Then a
naturally arising question is: what if a classical fluid that has viscosity and significant optical absorption
is replaced with an inviscid quantum fluid that also has ultra-low optical dissipation, i.e. superfluid?
Indeed, mechanical motion of superfluids has recently been identified as an attractive mechanical
degree of freedom for optomechanical systems [146]. Superfluid helium-4 has been chosen as a
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suitable candidate for the role, and here is what makes it attractive:
• zero viscosity [8] results in ultra-low mechanical dissipation;
• ∼16 eV bandgap [147], i.e. it is transparent to any light wavelength above ∼80 nm – this
determines its ultra-low optical absorption for the wavelength range of interest (either visible or
infrared);
• has almost no impurities and no structural defects; and
• very high thermal conductivity.
The first demonstrated superfluid optomechanical system was designed by the group led by
K. Schwab and was comprised of a superconducting niobium cell filled with superfluid helium [146].
Pressure waves in bulk helium (“first sound” – see § 1.6) formed a gram-scale oscillator that was
parametrically coupled to the niobium microwave resonator. Quality factors of superfluid mechanical
resonances in the system reached values as high as 1.4 × 108 [148, 149]. Upon certain changes in
the experimental configuration, this system is a promising platform for the detection of gravitational
waves [150]. It has further been shown by the group of J. Davis that resonance frequencies of
superconducting three-dimensional cavities can be tuned in situ at the percent level by varying the
amount of superfluid helium in the cavity at millikelvin temperatures [151]. This can be useful for
applications in superconducting quantum circuits and quantum cavity electromechanics.
The group led by J. Davis also demonstrated another example of a superfluid optomechanical
system which boasts mechanical resonances with very high quality factors, namely the superfluid
Helmholtz resonator with a capacitive detection scheme [152]. Upon a proper choice of material which
the resonator is fabricated from, superfluid Helmholtz modes achieve ultra-low mechanical dissipation,
reaching quality factors as high as Q ∼ 106 [153]. A major advantage of the Helmholtz resonator over
the superfluid optomechanical configuration demonstrated by the group of K. Schwab [146, 148] is
that the superfluid Helmholtz modes exhibit effective masses 106 times smaller than superfluid modes
in Refs. [146, 148], which makes the Helmholtz scheme more suitable for operating in the quantum
regime of optomechanical interactions. The Helmholtz structure enabled measurements of superfluid
density, mass flow and dissipation, and can also potentially serve for the detection of gravitational
waves [153].
Another example of a superfluid optomechanical configuration was demonstrated by the group of
J. Harris. The system consists of a miniature superfluid-filled optical cavity formed in between of a
pair of single-mode optical fibres [154–156]. Bulk superfluid mechanical modes are electrostrictively
coupled to the optical field confined inside the cavity. Near-perfect overlap between optical and
mechanical modes results in a single-photon optomechanical coupling rate as high as 3 kHz. This
makes this system promising for applications in quantum optomechanical protocols. Moreover, inspired
by the implementation of classical-liquid droplets as optomechanical resonators [140], the group of
J. Harris designed an optomechanical system based on a drop of superfluid helium suspended in vacuum
by magnetic field. Theoretical calculations have already suggested that the efficient optomechanical
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coupling between optical and acoustic modes co-located within the droplet should enable a single-
photon strong coupling regime [157]. The system has already been realized experimentally and is
currently being investigated.
Two more groups active in the field of superfluid optomechanics are the group of H. Tang, which
exploits optomechanical microdisk resonators submerged in bulk superfluid helium to investigate
coupling between the resonator and phonons in the quantum fluid [158]; and the group of D. Zmeev,
which utilizes doubly-clamped nanobeams as probes in superfluid helium [159, 160].
All incarnations of superfluid optomechanics described above utilize bulk helium. In contrast, we
propose and present in this thesis an alternative approach based on two-dimensional ultra-light (pg–fg
mass) films of superfluid helium-4 [1–3, 5]. Thin superfluid films offer a range of desirable properties
which make them a promising platform for cavity optomechanics:
• a combination of near-zero viscosity and attractive van der Waals forces [8] enable a self-
assembling nature of the films on any surface, i.e. they in situ align themselves with an optical
resonator of any shape;
• films exhibit very low mass (pg–fg range), minute volume and can be just a few atomic layers
thick [104];
• film thickness and frequency of third-sound mechanical resonances on the film surface are
largely tunable just by varying the pressure of helium gas injected in the sample chamber (see
§ 2.3.2);
• third-sound modes exhibit low effective mass which enables large zero-point motion, single-
photon optomechanical coupling and cooperativity (see § 2.2.2) — figures of merit particularly
sought after in the field of cavity optomechanics [78];
• strong phonon-phonon interactions result in nonlinearities (e.g. Duffing) of third-sound reso-
nances which may lead to a generation of non-classical mechanical states;
• third-sound waves exhibit strong coupling to quantized vortices in the film, which enables
real-time resolution of vortex dynamics (see chapter 5);
• third-sound modes interact with electrons floating on the film surface, enabling a configuration for
promising applications in circuit quantum electrodynamics and quantum computing [161, 162];
and
• thin superfluid films offer a prospect for applications such as superfluid matter-wave interferom-
eters, gyroscopes, superfluid phononic circuits, etc.
In this chapter we first describe the mechanism of dispersive optomechanical coupling between
an optical field confined within a WGM resonator and mechanical vibrations of the superfluid film
uniformly coating the resonator. We show that the effective mass of mechanical modes of superfluid
film, in contrast to intuition and effective mass of vibrational modes of solid-state membrane oscillators,
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scales as R4/d, where R is the superfluid resonator radius and d is the film thickness. Thus, upon
proper optimization of the resonator dimensions, film thickness and superfluid mechanical mode
order, it is possible to achieve large amplitude of zero-point fluctuations and, hence, single-photon
optomechanical coupling rate ( g0
2pi
& 100 kHz [3]) and cooperativity (C0 & 10 [3]), which are desirable
for the applications of quantum optomechanics [78].
Enhanced light-matter interaction at the interface of the high-quality optical WGM enabled by a
small mode volume and strong evanescent optomechanical coupling enables ultra-high sensitivity of our
optomechanical configuration to any perturbations occurring at the resonator surface, such as motion
of the superfluid film. This opens up a great prospect for studying micro- and macroscopic properties
of quantum fluids in regimes hitherto inaccessible. Thus, as the first demonstration of the utility of our
scheme we study thermally driven motion of the superfluid helium film. Thermal elementary excitations
— such as phonons and rotons — and interactions between them determine dynamics of superfluids, as
well as their micro- and macroscopic properties, such as phase transitions [12], dissipation [20, 26],
and quantum turbulence [163]. In order to understand these processes, it is crucial to be able to resolve
and track superfluid thermal excitations in real time. Previous techniques to probe these fluctuations,
such as neutron and light scattering [8, 164, 165], are slow compared to characteristic dissipation rates
of the excitations, restricting them to measuring only average thermodynamic properties of superfluids.
However, the sensitivity of our optomechanical technique allows us to resolve and track superfluid
phonon excitations in real-time. Moreover, utilizing the effect of dynamical backaction from both
radiation pressure and photothermal forces, we demonstrate laser cooling and heating of mechanical
modes of the superfluid film.
2.2 Optomechanical interaction between optical field and super-
fluid film
2.2.1 Interaction mechanism
We begin with a description of the optomechanical interaction between optical field and superfluid film.
The coupling scheme is presented in Fig. 2.1. Light is confined to the periphery of a whispering-gallery-
mode (WGM) optical cavity with cylindrical symmetry 1 coated with a few-nanometer thick film of
superfluid helium [1] (Fig. 2.1a). As discussed in § 1.10, mechanical waves existing in the superfluid
film are known as third sound [99,100,105]. They manifest as ripples propagating on the surface of the
film, as can be seen in Fig. 2.1a. At the periphery of the microcavity these ripples (i.e. film thickness
fluctuations) perturb the evanescent field of the confined WGM and, thus, dispersively couple to it by
modulating the effective refractive index of the material within the WGM’s near field. This results in
an alteration of the effective optical path length of the resonator and, hence, according to Eq. (1.17),
leads to a shift of the WGM resonance frequency [3]. By utilizing a perturbation theory approach
1Without loss of generality of the interaction mechanism here we consider a WGM microdisk; although the same
coupling scheme applies to microtoroids, spheres, annular microdisks and other WGM optical cavities.
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Figure 2.1: (a) Artist’s rendering of an optical whispering-gallery-mode microdisk coated with a few-nanometer
thick film of superfluid helium. Red and blue lobes represent nodes and anti-nodes of the WGM optical field
confined to the periphery of the microdisk. (b) Radial cross-section of the microdisk with the WGM optical field
intensity simulated via finite-element method (FEM). Thickness fluctuations of the superfluid film driven by the
third-sound wave (solid and dashed white lines) dispersively couple to the confined optical field inducing the
WGM resonance frequency shift given by Eq. (2.1). Figure is reproduced from Ref. [3].
and comparing the total electromagnetic energy of the WGM to that fraction of it which is contained
within the superfluid film, it is possible to estimate the frequency shift ∆ω experienced by a WGM of
resonance frequency ω0 induced by the superfluid film [166, 167]:
∆ω
ω0
= −1
2
∫
film
(εsf − 1)
∣∣∣ ~E (~r)∣∣∣2 d3~r∫
all
εr (~r)
∣∣∣ ~E (~r)∣∣∣2 d3~r . (2.1)
Here, εr (~r) is the relative permittivity of the material ‘felt’ by the unperturbed WGM electric field
~E (~r), i.e. in the absence of the superfluid film. The relative permittivity of superfluid helium is given
by εsf = 1.058 [68]. The integral in the numerator is computed over the volume of the film, while the
denominator integral is evaluated over the volume of all space. Thus, the electromagnetic energy of the
WGM denoted in the numerator of Eq. (2.1) effectively “senses” the perturbing element (superfluid
film) and its motion. Therefore, in order to optimize the light-superfluid optomechanical coupling, is it
essential to maximize the evanescent WGM electric field at the resonator interface.
Figure 2.2a shows
∣∣∣ ~E∣∣∣2 of a transverse electric (TE) [168] WGM simulated via finite-element
modelling (FEM). In this example the optical field is confined in a silica disk with thickness of
2 µm [169]. The solid black line indicates the spatial distribution of
∣∣∣ ~E∣∣∣2 along z-axis obtained
at the disk cut passing through the WGM center (marked by the dashed line). As can be seen
from this distribution, the WGM electric field is predominantly confined within the silica disk,
whereas its evanescent tails on the top and bottom surfaces of the cavity, where the field couples
to the superfluid film (red dashed lines), exhibit very low intensity. This results in weak WGM
sensitivity/optomechanical coupling to the superfluid through Eq. (2.1). This makes the disk thickness
one of the most crucial parameters for optimizing the WGM–superfluid interaction. Reduced thickness
increases the WGM field evanescent tails outside of the resonator material, thus optimizing the overlap
between
∣∣∣ ~E∣∣∣2 and the superfluid film. This leads to a much larger WGM resonance frequency shift
caused by the film thickness fluctuations (see Eq. (2.1)). Figure 2.2b shows how the effective refractive
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index felt by the fundamental WGM mode varies with the disk thickness. If the disk is too thick and
the optical mode resides predominantly inside the resonator, the effective refractive index is equal to
that of silica. In contrast, if the disk is too thin the optical field becomes too delocalized along the
z-axis, with its value at the resonator interface substantially reduced, and the effective refractive index
becomes equal to that of vacuum. The optical mode confined within the disk is most sensitive to an
external dielectric placed at the surface of the resonator when the change in the effective refractive
index with thickness is maximal. Figure 2.2b shows the derivative of the effective refractive index dneff
dt
as a function of the silica disk thickness. As can be seen, there is an optimal thickness when the WGM
field is the most sensitive to perturbations caused by the superfluid film on the surface of the resonator.
For a silica disk this occurs at 200 nm (for TE WGM), as seen in Fig. 2.2c. We would like to note
that the optimal thickness also depends on the WGM polarization. In contrast to TE modes, which
provide a continuous electric field across the disk interface, transverse magnetic (TM) modes exhibit a
step increase in the field outside the disk, which makes them more sensitive to the superfluid at the
resonator surface. This is illustrated in Fig. 2.2d, which shows the magnitude of
∣∣∣ ~E∣∣∣2 at the resonator
interface as a function of the silica disk thickness for both TE and TM polarizations.
At the optimal disk thickness, when dneff
dt
is maximal, evanescent decaying tails of the WGM field
extend out of silica over a characteristic length on the order of hundreds of nanometers. Given that
typical values of superfluid film thickness vary in the range ∆z = 1 to 30 nm, the change in
∣∣∣ ~E∣∣∣2 over
the length scale of the film thickness can safely be neglected. Therefore, we can utilize Eq. (2.1) to
compute the WGM resonance frequency shift per unit displacement provided by the superfluid film,
G = ∆ω0/∆z [78, 116, 170]:
G =
∆ω0
∆z
= −ω0
2
∫
interface
(εsf − 1)
∣∣∣ ~E (~r)∣∣∣2 d2~r∫
all
εr (~r)
∣∣∣ ~E (~r)∣∣∣2 d3~r . (2.2)
Here, the integral in the numerator is now taken over the cavity surface (for instance, top surface
for simplicity). One of the remarkable properties of G is that it is independent of the superfluid
film thickness and of the WGM cavity radius (in the same way as, for instance, for double-disk
optomechanical resonators [171]). Through the optimization of the resonator thickness and WGM
polarization, and taking into account a variation in the mean film thickness over the entire surface of
the cavity (top, bottom, side), it is possible to achieve values of G as high as∼10 GHz/nm. This entails
that variation in film thickness of only 10 pm (i.e. about 1
36
th of a helium monolayer [172]) would
be enough to shift a WGM with optical quality factor of Q = 2× 106 by one linewidth. This equips
us with an ultraprecise tool to optically characterize thickness of the superfluid film and dynamics of
the mechanical excitations on its surface, which constitutes a substantial improvement comparing to
capacitive detection schemes commonly exploited in the research with superfluids [105, 173].
2.2.2 Optomechanical coupling and third-sound effective mass
In § 2.2.1 we calculated the optomechanical coupling G which tells us how much the WGM optical
resonance shifts per unit of the superfluid film thickness. We can now make a step further and calculate
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Figure 2.2: (a)
∣∣∣ ~E∣∣∣2 of a transverse electric (TE) WGM simulated via finite-element modelling (FEM). The
optical field is confined in a silica disk with thickness of 2 µm. The solid black line indicates the spatial
distribution of
∣∣∣ ~E∣∣∣2 along z-axis obtained at the disk cut passing through the WGM center. The superfluid film
is marked by the red dashed lines. (b) Effective refractive index of the silica microdisk as a function of the
disk thickness. When the optical mode is completely contained inside the resonator, the effective refractive
index will equal to that of silica. In contrast, when the optical mode is delocalized outside of the disk, the
effective refractive index will equal to that of vacuum. (c) Derivative of the effective refractive index dneffdt as a
function of the silica disk thickness. The maximum of dneffdt occurs at a thickness of 200 nm (for TE WGM).
(d) Magnitude of
∣∣∣ ~E∣∣∣2 at the resonator interface as a function of the silica disk thickness for both TE and TM
modes. Simulations performed by C. G. Baker.
the single-photon optomechanical coupling g0 and consequently the single-photon cooperativity C0,
two crucial figures of merit for quantum optomechanical systems [78] (see § 1.8). The single-photon
optomechanical coupling is given by
g0 = Gxzpf = G
√
~
2meff ΩM
, (2.3)
where xzpf is the root-mean-square displacement due to quantum-mechanical zero-point fluctuations
and ΩM is the mechanical frequency of the oscillator. The single-photon cooperativity can then be
calculated as
C0 =
4 g20
κΓM
, (2.4)
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where κ is the optical decay rate (linewidth) of a WGM and ΓM is the dissipation rate of the mechanical
oscillator (third-sound modes in the case of superfluid films - see § 1.10). As can be seen, computation
of g0 requires the knowledge of the effective mass meff of the superfluid mechanical modes. Thus,
below we focus our attention on the computation of meff [3].
In continuum mechanics the effective mass can be obtained by shrinking the whole system to a
reduction point ~A with effective mass meff . Then if the point ~A moves with velocity v( ~A), it should
possess the same kinetic energy Ek as the original system, i.e. meff = 2Ekv2A . The kinetic energy of the
system is given by 1
2
∫
V
ρ v2 (~r) d3 (~r), where ρ is its density. Computation of Ek, in turn, requires the
knowledge of the velocity distribution v (~r). In the case of thin films of superfluid helium, the question
of the distribution of superfluid velocity [99] and density [104] under the surface of the film is not a
trivial problem. Thus, in order to circumvent this complexity, we utilize the equipartition theorem
which allows us to substitute the kinetic energy Ek in the expression for meff with the van der Waals
potential energy stored in the deformation of the film surface. Exploiting U (z) = −αvdw
z3
for the van
der Waals potential energy per unit mass and taking advantage of the analogy with gravity waves [106]
(see § 1.10) for the potential energy we obtain:
Epot = ρ
∫ 2pi
θ=0
∫ R
r=0
(∫ d+η(r,θ)
z=0
U (z) dz
)
r dr dθ − ρ
∫ 2pi
θ=0
∫ R
r=0
(∫ d
z=0
U (z) dz
)
r dr dθ
= ρ
∫ 2pi
0
∫ R
0
(∫ d+η(r,θ)
d
U (z) dz
)
r dr dθ. (2.5)
Here, η(r, θ) is the profile of the surface deformation of the superfluid film and d is its mean thickness.
In the limit when the amplitude of the surface oscillation is much smaller than the mean film
thickness, i.e. η  d, we can Taylor expand U (z) and compute the integral along the z-axis in
Eq. (2.5). Then the expression for Epot becomes:
Epot = 2piρ
∫ R
0
dr r
(
−αvdw η (r, θ)
d3
+
3αvdw η
2 (r, θ)
2 d4
)
, (2.6)
where αvdw is the van der Waals coefficient for the WGM cavity material.
For the case of rotationally invariant third-sound modes, i.e. azimuthal mode order m = 0 (see
§ 1.10) and η(r, θ) = η(r), and for free (volume-conserving) boundary conditions, i.e. ∫ R
0
r dr η (r) =
0, we arrive at the expression for the effective mass of a point on the superfluid film surface at r = R:
meff =
(
ρ
ρs
)(
R
d
)2
1
ξ2
× 2piρ d
∫ R
0
r η2 (r) dr
η2 (R)
. (2.7)
To obtain this, we also used ΩM = ξ c3R for the third-sound mechanical frequency, where ξ is the Bessel
mode frequency parameter, and c3 =
√
3ρs
ρ
αvdw
d3
for the third-sound phase velocity (see § 1.10).
The second multiplier in Eq. (2.7) can be recognized as the effective mass of a point on the boundary
of a thin solid circular resonator of thickness d (for rotationally invariant modes) [174]. Therefore,
while the effective mass of a point on a solid resonator scales as R2d (like the real mass), for the case
of a third-sound wave meff scales as R4/d. This result is quite remarkable, as it implies that thicker
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R d ξ
m ∝ R2 d −
meff ∝ R4 d−1 ξ−2
ΩM ∝ R−1 d−3/2 ξ
xZPF ∝ R−3/2 d5/4 ξ1/2
g0 ∝ † d5/4 †
Table 2.1: Scaling of superfluid experimental parameters with WGM cavity radius R, superfluid film thickness d
and third-sound mode order ξ. Symbols − and † represent no dependence and a non-monotonous dependence
respectively.
and heavier films make lighter oscillators with larger amplitude of zero-point fluctuations (Eq. (2.3)).
Moreover, the R4 dependence of meff suggests that fabricating smaller third-sound resonators can be
greatly beneficial for quantum optomechanical experiments with thin films of superfluid helium.
While an elaborated discussion of how such parameters as resonator dimensions, film thickness and
third-sound mode order influence the optomechanical parameters of thin superfluid films is provided
in Ref. [3], here we summarize the scaling of the superfluid experimental parameters with R, d, and ξ
in Table 2.1.
2.3 Experimental configuration
2.3.1 Optical cavity and coupling
In order to realize optomechanics with thin films of superfluid helium in practice, we developed
an experimental configuration which allows an efficient interaction between the optical field and
the mechanical motion of the film. This is achieved by immersing a high-quality optical cavity in a
microscale droplet of superfluid helium. Both the emergence of superfluidity in helium and the quantum
regime of optomechanical interactions require cryogenic conditions. Thus, our experimental set-up is
contained inside an Oxford Instruments Triton closed-cycle helium-3 cryostat with a base temperature
of 300 mK. All the experiments presented in this thesis were conducted with the Oxford helium-3
cryostat. We have also installed a BlueFors LD-250 dilution refrigerator with a base temperature
of 10 mK. This refrigerator will be used for the next generation of the superfluid optomechanics
experiments.
A whispering-gallery-mode optical microcavity (typically either a microtoroid or a microdisk, see
§ 1.9; historically, a WGM microtoroid was used for the first generation of the superfluid optomechanics
experiments reported in this thesis; further experiments with wedged microdisks that enable higher
evanescent overlap with the superfluid helium film [3] are beyond the scope of this thesis and will be
reported elsewhere) is enclosed within a sealed sample chamber attached to the coldest plate of the
cryostat. Laser light at telecom wavelength (1550 nm band) is delivered inside the sample chamber and,
following an interaction with the optical cavity, brought back to the room-temperature environment
via a single-mode optical fibre. The signal detection occurs within a room-temperature optical set-up
that will be described in § 2.4.2 (see Fig. 2.7a). Inside the sample chamber light evanescently couples
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Figure 2.3: (a) Optical microscope image of a microtoroid fabricated in-house and used in our experiments. The
microtoroid is seen in the centre and its zoom-in is shown in (b). Support beams for tapered fibre stabilization,
fabricated during the same photolithography flow as the microtoroid, are placed on either side of the cavity. (c)
Zoom-in of a fibre support beam. Both support beams have been thinned down to ∼ 200 nm to minimize optical
scattering losses. Microscope images were supplied by C. G. Baker.
into the WGM cavity via a tapered region of the optical fibre. Depending on the experimental needs,
either under-, critically-, or overcoupled optical regimes can be realized. This is achieved by mounting
the optical cavity upon Attocube linear nanopositioners, which allow the distance between the tapered
region of the fibre and the cavity to be adjusted. This enables different regimes of the optical coupling.
The tapered fibre is mounted onto an in-house manufactured taper holder made of the same material
as the optical fibre (silica) in order to match the thermal contraction/expansion during the cryostat
cool-down and warm-up cycles. A set of windows at the bottom of the cryostat, reaching all the way
to the sample chamber, allow imaging of the optical cavity-fibre configuration to be achieved through
microscopes mounted just outside of the cryostat vacuum can. This imaging allows the cavity–fibre
distance — and, hence, the optical coupling — to be tuned in a controlled manner.
In normal operation of the cryostat the pulse-tube cooler (PTC) runs continuously to maintain the
temperature of the 40 K and 3 K cryogenic stages. However, the PTC causes vibrations which are
transmitted from the top of the cryostat down to the sample chamber, hindering stabilization of the
cavity–fibre separation. To prevent this, we designed on-chip stabilization silica beams (Fig. 2.3c)
which are developed around the optical cavity (Fig. 2.3b) during its photolithographic fabrication
process. One beam is placed on either side of the cavity (Fig. 2.3a) such that the tapered fibre is
supported by the beams. This makes the relative chip–fibre vibration common-mode and allows an
excellent suppression of the relative motion between the taper and cavity, enabling a high-precision
stabilization of the cavity-fibre separation (similar precision is achieved in Ref. [175]). This technique
allows us to indefinitely maintain the desired level of the optical coupling even while the PTC is in
operation. In order to minimize light scattering losses caused by the strong optical evanescent field
leaking out of the fibre, we made the silica beams only 5 µm wide and thinned them from 2 µm down
to about 200 nm to make their thickness much smaller than the light wavelength. While the PTC does
not affect mechanical motion of the optical cavity, it can perturb motion of the superfluid in the sample
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Figure 2.4: Helium-4 phase diagram. Depending on temperature and pressure conditions helium-4 can exist in
either gaseous (vapour), solid, or fluid phases. The latter can be either a normal fluid phase (He I) which has
viscosity as any other classical fluid, or a superfluid phase (He II) which is inviscid. At low gas pressures used in
our experiments (typically below 70 mTorr ≈ 0.1 mbar at ∼ 3 K) helium-4 transitions from the vapour phase
directly into its superfluid state. The phase diagram is reproduced from the data of Ref. [68].
chamber. Therefore, during the measurements on the superfluid we switch the PTC off.
2.3.2 Superfluid film formation
In order to initiate the light–superfluid interactions, helium is first injected into the sample chamber in
its gaseous state (Fig. 2.5 (left)), i.e. above the superfluid phase transition temperature (typical injection
temperature is around 3 K). Helium-4 gas is introduced into the sample chamber via a stainless
steel capillary tube connecting the sample chamber with an external helium reservoir kept at room
temperature. Once a desired amount of helium is injected into the sample chamber, the capillary link
between the chamber and the ambient environment is shut via a vacuum-tight valve. As can be seen
from the phase diagram in Fig. 2.4, at low pressures, such as those used in our experiments, helium-4
transitions from its gaseous phase directly into the superfluid state (He II in Fig. 2.4), avoiding the
normal fluid phase (He I in Fig. 2.4). Upon cooling our system down across the superfluid transition
temperature, helium-4 gas in the sample chamber condenses into a thin superfluid film (Fig. 2.5 (right)).
A combination of ultralow viscosity of the superfluid and attractive van der Waals forces enable natural
formation of the film on the entire inner surface of the sample chamber, including the surface of
the optical cavity (Fig. 2.5 (right)). We would like to emphasize the self-assembling nature of the
superfluid film which manifests as one of the great features of our optomechanical configuration. The
self-assembling film implies that an optical resonator of any type (microsphere, photonic crystal etc.)
will be uniformly coated with a superfluid film when placed inside the sample chamber. This feature
allows us to explore a broad spectrum of optical cavities which we can exploit in our configuration.
The pressure of the injected helium-4 gas determines the ultimate superfluid film thickness at
the base temperature. Therefore, the pressure should be carefully chosen to optimize the amount of
superfluid helium in the sample chamber while minimizing the detrimental heat link arising from
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Figure 2.5: (Left) A sketch of the sample chamber containing an optical microcavity and filled with helium-4
gas above the superfluid phase transition temperature. (Right) Upon cooling down and crossing the superfluid
transition temperature, helium-4 gas condenses into a thin film of superfluid helium. Ultralow viscosity and
attractive van der Waals forces coat the entire inner surface of the chamber with the superfluid film, including
the optical cavity. The self-assembling nature of the film implies that an optical cavity of any type and shape
can be exploited in our optomechanical configuration. Thicker film at the bottom of the sample chamber in the
sketch on the right represents a pool of superfluid helium formed at certain pressures of the injected helium-4
gas (see text for details). Tλ stands for the superfluid phase transition temperature (“lambda-point”). Optical
microcavity, helium atoms, and superfluid film are not drawn to scale.
helium-4 gas and superfluid “creeping” up the injection capillary tube. The requirement of a constant
chemical potential on the entire film surface and a balance between gravity and the attractive van der
Waals forces, holding the film on the walls of the chamber, determine the maximal film thickness
achievable at a given height above the sample chamber bottom [69]. At pressures of the injected
helium-4 gas exceeding those corresponding to the maximal allowed film thickness, a pool of superfluid
helium forms at the bottom of the sample chamber (Fig. 2.5 (right)). We would like to point out that
the sample chamber must necessarily be vacuum- and superfluid-tight in order to avoid leakage of
superfluid helium from the enclosure. Indium wire, used to seal any detachable parts of the sample
chamber, ensures the superfluid leak-proof conditions.
2.4 Evidence of formation and mechanical motion of the super-
fluid film
2.4.1 Observation of the superfluid film formation
The optomechanical interaction between light confined to the periphery of the WGM microtoroid and
helium in the sample chamber (see § 2.2.1) provides a toolkit to observe the superfluid film formation
experimentally. We start off by coupling light into the microtoroid at around 3 K, which is above
the superfluid phase transition temperature. Light transmitted through the optical cavity is probed
via a 10% tap-off placed right after the microtoroid (Fig. 2.7a). A typical Lorentzian-type optical
resonance is observed in the transmission spectrum of the cavity (Fig. 2.6a (yellow trace)). This is
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Figure 2.6: (a) Spectra of optical transmission through the microtoroid above (yellow trace; 3 K) and below
(blue (1 K) and red (0.6 K) traces) the superfluid transition temperature. Oscillations on the blue-detuned side
of the blue and red traces are indicative of fluctuations of the superfluid film on the surface of the microtoroid.
The “sweep” arrow indicates the direction of the laser frequency scanning in order to track the microtoroid
optical resonance. The traces are offset vertically for clarity. (b) Frequency shift of the microtoroid optical
resonance as a function of temperature for two different helium gas pressures. Orange circles – 45 mTorr, blue
circles – 91 mTorr (both measured with the cryostat at 2.8 K). Different helium gas pressures in the sample
chamber result in a different superfluid film thickness causing different dispersive shift of the microtoroid optical
resonance. Vertical dashed bars indicate superfluid phase transition temperatures for each of the pressures.
Figure is reproduced from Ref. [1] with modifications.
an indication that no film is formed on the surface of the resonator yet. However, as soon as the
temperature is decreased just below the superfluid transition point, unstable oscillations emerge on
the blue-detuned side of the optical resonance (Fig. 2.6a (blue trace)). While the temperature is being
decreased further, the oscillations become more pronounced (Fig. 2.6a (red trace)). This behaviour is
typical of optomechanical parametric instability. An optical field detuned to the blue side of the cavity
resonance sheds energy into the mechanical oscillator via optical dynamical backaction, amplifying
the mechanical motion [176]. This amplification results in a sharp rise of the motional amplitude of the
oscillator, leading to a modification of the microtoroid effective radius. Consequently, this shifts the
WGM resonance frequency, resulting in an alternating coupling of the laser light into the microtoroid
which is imprinted as oscillations on the blue side of the transmission spectrum. We ascribe this
oscillatory mechanism to fluctuations of the superfluid film formed on the surface of the microtoroid.
An extremely low optical power of just 40 nW was enough to observe these oscillations. This power
is one hundred times lower than would be required to excite similar oscillations of a microtoroid
mechanical mode [176]. Moreover, the temperature of the unstable oscillations onset exactly agrees
with the superfluid phase transition temperature predicted from the phase diagram for the helium
pressure in our experiment (Fig. 2.4). All of these factors indicate that the oscillations in the optical
transmission spectrum are caused by the fluctuations of the superfluid film on the microtoroid surface.
However, we go further and probe the superfluid film formation by measuring frequency of one
of the microtoroid optical modes as a function of the decreasing cryostat temperature (Fig. 2.6b).
Using Eq. (2.1), we computed that a 1 nm thick superfluid film should shift the microtoroid optical
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Figure 2.7: (a) Shot-noise limited all-fibre homodyne detection scheme for resolution of mechanical motion
of superfluid thin film. A WGM optical microtoroid is placed inside a sealed sample chamber attached to the
coldest plate of the cryostat. Light is evanescently coupled into the microtoroid via a tapered optical fibre. FBS
– fibre beam splitter; AM – amplitude modulator; PD – photodetector; NA/SA – network/spectrum analyzer.
The 90/10 tap-off right after the microtoroid probes the optical transmission through the cavity. (b) Artist’s
representation of a microtoroid coated with thin film of superfluid helium. Glow at the microtoroid periphery
represents light confined inside the cavity. Ripples on the surface of the superfluid film – third sound – alter the
effective optical path length for light inside the microtoroid. This leads to a shift of the WGM optical resonance
frequency which is resolved via the homodyne detection scheme in (a). Rendering was supplied by C. G. Baker.
resonance frequency by −290 MHz nm−1. Prior to the film formation, i.e. above the superfluid
transition temperature, the optical frequency shift does not depend on the pressure of the helium gas
and occurs purely due to the thermal expansion of the resonator and the thermorefractive effect [177]
(see § 1.9). However, upon formation of the superfluid film below the transition temperature the optical
resonance frequency shift correlates with the pressure of the injected helium gas and becomes larger for
higher helium pressures due to the formation of a thicker film on the surface of the microtoroid. This
is confirmed by increasing the injected helium pressure from 45 mTorr (orange circles in Fig. 2.6b) to
91 mTorr (blue circles in Fig. 2.6b) which resulted in an extra optical shift of −457 MHz at 600 mK.
Dividing it by the expected optical shift per nanometer of superfluid yields 457/290 = 1.58 nm of the
film thickness increase.
2.4.2 Read-out of the superfluid film mechanical motion
Optical set-up
Once we confirmed the presence of the superfluid film on the microtoroid surface and its impact on
the WGM optical mode, we then attempt to detect mechanical motion of the film. To achieve this, we
again leverage the optomechanical interaction between light confined inside the microtoroid and the
superfluid film. As elaborated in § 2.2.1, thickness fluctuations of the film induced by the third-sound
wave in the vicinity of the WGM perturb its optical evanescent field (Fig. 2.7b). This perturbation is
resolved via the homodyne detection scheme within an all-fibre interferometer shown in Fig. 2.7a.
The superfluid film motion is quite fragile and prone to any external unwanted noise. Therefore,
care has to be taken to ensure stable operation of the interferometer. To do this, we implemented two
locking loops, one of which locks the relative phase between the interferometer arms whilst the second
ensures that the laser frequency is locked to the microtoroid optical resonance (respectively “Interf.
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lock” and “Cavity lock” in Fig. 2.7a). In order to fix the relative phase angle between the probe and the
local oscillator interferometer arms (Fig. 2.7a), we apply an amplitude modulation with a frequency
of 190 MHz before the microtoroid. Then the AC component of the generated photocurrent at the
modulation frequency is mixed down with a 190 MHz signal derived directly from the signal generator.
The result of the mix-down produces a phase dependent error signal for the interferometer which is
passed through a filter and an amplifier and fed into a piezoelectric fibre stretcher which stabilizes
the relative phase between the interferometer arms. In our configuration, the DC component of the
photocurrent also provides a dispersive error signal for the cavity. After passing the DC component
through a filter and an amplifier, it is fed into the laser port for the frequency stabilization, thus locking
the laser frequency to the optical resonance of the microtoroid. The cavity lock error signal is amplified
by the local oscillator, allowing a stable operation of our system even with nanowatts of optical power
in the probe arm of the interferometer.
Characterization of the superfluid film mechanical motion
In order to observe and characterize mechanical motion of the superfluid film we lock the laser
frequency to an optical resonance of the cavity. Light circulating at the periphery of the microtoroid
generates heat via optical absorption in the silica. The heating induces a photoconvective superfluid
flow through the thermomechanical (fountain) effect whereby superfluids tend to flow towards a
localized heat source [2, 8] (for details see § 1.5 and chapter 3). We found that, as a consequence
of the spatial overlap between the generated flow field and the third-sound modes, it is possible to
coherently drive mechanical motion of the superfluid film through an amplitude modulation of the light
confined inside the microtoroid. The optical amplitude modulation drives the third-sound modes via the
photoconvective actuation. In order to detect the modulated light we mix it with a local oscillator
(interferometer arm carrying light with intensity much higher than in the probe arm) derived from the
same laser source and perform balanced homodyne detection [170] (Fig. 2.7a). While the laser light
is coupled exactly to the WGM optical resonance (i.e. not detuned), the superfluid motion is directly
imprinted onto the phase quadrature of the optical field (the optical amplitude quadrature contains no
information about the motion of the mechanical oscillator in this case) [78, 81, 170]. The homodyne
detection enables an ultrasensitive read-out of the optical phase which is directly proportional to the
motional amplitude of the superfluid film [78, 81]. We then use spectrum and network analyzers to
measure the detected signal.
The network analyzer allows us to drive some particular mechanical mode with a frequency of
interest and to measure its instantaneous response. Sending a network analyzer drive signal to the
amplitude modulator (Fig. 2.7a) enables sweeping of the optical modulation frequency. Recording the
superfluid response with the network analyzer, we acquired a characteristic mode spectrum shown
in Fig. 2.8a. The spectrum features a range of mechanical modes with frequencies from 10 kHz to
5 MHz which are consistent with expected frequencies of third-sound modes confined within a domain
with the dimensions of the microtoroid. In order to confirm that the observed peaks in the spectrum do
indeed correspond to the superfluid third-sound modes, and not to some other oscillatory mechanism,
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we probed the spectrum both below and above the superfluid transition temperature (1 K at 69 mTorr
of helium gas pressure – see phase diagram in Fig. 2.4). The mentioned spectrum in Fig. 2.8a was
recorded at 0.9 K, while the one in Fig. 2.8b – at 1.1 K – displays no modes. Since the peaks in the
spectrum appear only below the superfluid phase transition temperature, this is indicative that they
represent mechanical resonances in the superfluid film. We would also like to note that the kink at low
frequencies in Fig. 2.8b is attributed to the thermo-optic response of silica which the microtoroid is
made of. However, as soon as a layer of superfluid helium forms on the microtoroid surface below
the superfluid transition temperature, the thermo-optic response reduces significantly and the kink
vanishes (Fig. 2.8a) due to an improved microtoroid thermalization provided by the superfluid layer.
In order to further investigate the emergence of the third-sound spectrum, we performed network
analysis measurements of the superfluid film mechanical response in a narrow temperature window
of 2 mK right across the superfluid phase transition (Fig. 2.8c). Traces were recorded with a step
of 0.2 mK. Figure 2.8c shows how peaks corresponding to third-sound modes rapidly arise as the
temperature is swept across the phase transition. A sharp peak at 1.35 MHz corresponds to a micro-
toroid mechanical mode and remains unchanged as the temperature is varied. Comparison of this
microtoroid mode frequency with other peaks in the spectrum at different temperatures should serve
as another confirmation of the superfluid nature of the emergent modes in Fig. 2.8c. Figure 2.9a
shows the temperature dependence of two different superfluid mechanical modes as well as of the
1.35 MHz microtoroid mode. The superfluid mode frequencies are observed to rapidly drop with
decreasing temperature. This is caused by the film thickening, which is a consequence of the increased
condensation of helium atoms into the superfluid film at lower temperatures. Thicker film results in a
weaker van wer Waals restoring force, hence, “softer” mechanical oscillators, and thus lower superfluid
mechanical frequencies at lower temperatures. In contrast, the frequency of the 1.35 MHz microtoroid
mechanical mode, as expected, experiences a negligible variation of less than 0.1% across the same
temperature range (Fig. 2.9a).
Frequencies of the superfluid modes plateau at low temperatures as all of the helium atoms have
been condensed into the superfluid film. This provides a degree of freedom to tune the third-sound
mode frequencies on-demand by simply varying the helium gas pressure prior to the superfluid film
formation. We, therefore, measured frequency of a particular superfluid mechanical mode as a function
of pressure of helium gas injected in the sample chamber (Fig. 2.9b). As predicted, the frequency
of the superfluid mode was observed to decrease at the base temperature at higher pressure values.
This can be explained by a larger number of helium atoms injected in the sample chamber at higher
pressures, which results in a thicker film at the base temperature and, hence, lower frequency of the
superfluid mechanical mode. Also the superfluid phase transition temperature was noted to be higher
with increasing gas pressures, which is consistent with the helium-4 phase diagram [68] (Fig. 2.4).
Finally, we would like to note that, while measuring the superfluid mechanical response and
gradually increasing the drive strength, we observed that at sufficiently high drive powers superfluid
modes exhibit Duffing nonlinearity [20,179]. In order to ensure that all measurements were carried out
in the linear regime, we kept the drive powers well below the one around which the nonlinear features
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Figure 2.8: (a) Spectrum of superfluid mechanical modes (third-sound) measured with the network analyzer at
900 mK. Each distinct peak in the spectrum corresponds to a particular third-sound mode. (b) Network analysis
measurement of the mechanical response above the superfluid transition temperature (1.1 K). No third-sound
modes are observed, meaning absence of the superfluid film on the microtoroid surface. The large kink at low
frequencies is caused by the thermo-optic response of silica. Once the superfluid layer is formed below the
transition temperature, the kink vanishes, as can be seen in (a) [177,178]. (c) Emergence of third-sound modes in
the mechanical response of the superfluid film measured with the network analyzer. The spectra are recorded in
a narrow temperature window of 2 mK (from 767 to 769 mK), with a step of 0.2 mK, right across the superfluid
phase transition temperature. Each emergent peak in the spectra corresponds to a particular third-sound mode.
The sharp peak at 1.35 MHz corresponds to a microtoroid mechanical mode and stays unchanged throughout the
temperature variation. This data was acquired for a helium-4 gas pressure of 19 mTorr at 2.8 K compared to
the typical 69 mTorr at 2.8 K throughout most of the work in this chapter. This explains the lower superfluid
transition temperature (see Fig. 2.4). Figure is reproduced from Ref. [1] with modifications.
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Figure 2.9: (a) Mechanical frequencies of two particular superfluid modes (orange and blue) and a microtoroid
mechanical mode (green) as a function of the cryostat temperature. At low temperatures frequencies of the
superfluid modes plateau as all the helium atoms condensed into the film. Kinks in the superfluid modes
temperature dependence around 900 mK are dictated by the nonlinearity in both the pressure at which the
superfluid phase transition occurs (see Fig. 2.4) and third-sound velocity as a function of temperature. The
grey-shaded area represents the temperature range above the superfluid transition where all helium is in its
gaseous phase. (b) Temperature dependence of the frequency of a particular third-sound mode at different
pressures of helium-4 gas injected in the sample chamber. The black arrow indicates the direction of the pressure
increase. As expected from the helium-4 phase diagram (Fig. 2.4), higher helium pressure results in a higher
superfluid transition temperature. The final mode frequency at low temperatures is lower for higher helium
pressures as the film is thicker and, thus, “softer”. The measured third-sound mode is different from those
presented in (a). (c) Mechanical quality factor of the 482 kHz third-sound mode as a function of the cryostat
temperature. Due to low SNR above 850 mK it was not possible to accurately measure the quality factor beyond
that temperature. (d-h) Thermomechanical spectra of the 482 kHz third-sound mode at cryostat temperatures of
530, 700, 800, 850, and 900 mK (from left to right). The corresponding temperatures of the spectra are denoted
in (a). Figure is reproduced from Ref. [1] with modifications.
were observed.
2.5 Real-time tracking of superfluid thermomechanical motion
Superfluid mechanical motion (third sound in two-dimensional superfluids) can be driven either by
some external driving force (as described above in § 2.4.2) or by the intrinsic elementary excitations in
a quantum fluid. Dynamics of the elementary excitations and interactions between them dictate both
micro- and macroscopic properties of a superfluid. One form of the intrinsic elementary excitations in
superfluids manifests as thermal fluctuations, such as phonons and rotons [8]. In order to understand
the microscopic properties of superfluids, it is crucial to be able to track, and possibly manipulate,
their thermally driven excitations in real time, i.e. as their dynamics occur.
A thermally driven mechanical mode of a superfluid can be treated as an oscillator coupled to
an external thermal bath at temperature T . The equipartition theorem [180] gives the root-mean-
square (RMS) motional amplitude of the oscillator as δx =
√
kBT/k , with kB being the Boltzmann
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constant and k the spring constant of the oscillator. Dissipative processes determine that the oscillator’s
mechanical motion decorrelates over a characteristic time scale of 1/Γm, where Γm is the oscillator
decay rate. In order to probe and control the instantaneous thermodynamic fluctuations of the oscillator
in real time it is essential to resolve the oscillation amplitude with precision better than δx within a time
frame shorter than 1/Γm. Such a measurement rate would allow to track the thermally driven trajectory
of the oscillator in phase space. In practice, a real-time measurement implies an ability to resolve
the peak of the thermally driven motion of the oscillator above the measurement noise floor in the
power spectral density of the measurement. In other words, a signal-to-noise ratio (SNR) greater than
one should be achieved faster than 1/Γm. A rigorous theoretical justification of why the SNR should
equal exactly unity is beyond the scope of this thesis, however it is provided in the Supplementary
Information of Ref. [1].
To date, many experimental techniques have been developed to probe intrinsic thermal dynamics
of phonon elementary excitations in superfluid helium [8, 164, 165]. However, their measurement rates
have proved to be slow compared to characteristic dissipation of phonon excitations. Therefore, they
have been able to probe only averaged thermodynamic properties of superfluids and not to resolve
dynamics of the elementary excitations in real time. For example, the light scattering technique of
Ref. [165] averaged photocounts for around half an hour to resolve the spectrum of thermal motion of
first sound waves.
The reduced volume of WGM optical modes and strong evanescent optomechanical coupling
achieved in our experimental configuration combine to enable a very high read-out sensitivity to
probe superfluid mechanical motion, as described in § 2.4.2 of this chapter. Having demonstrated
the ability to resolve superfluid mechanical modes driven by an external force, we then attempt to
probe the dynamics of superfluid intrinsic thermally–driven phonon excitations. We test whether our
optomechanical approach can enable the read-out rate required for the real-time measurement. To do
this, we perform homodyne-based phase measurement and a subsequent spectral analysis on a high-
quality third-sound mode at 482 kHz. The emergence of a Lorentzian-type thermomechanical noise
peak attributed to the mode with decreasing cryostat temperature is shown in Figs. 2.9d-h. The decay
rate of this third-sound mode is expressed in terms of its mechanical quality factor shown in Fig. 2.9c.
As the cryostat cools down, the quality factor increases, consistent with previous observations reported
in Refs. [20, 181]. The decay rate reaches its minimum of Γm/2pi = 106 Hz at 530 mK. The noise
peak reaches SNR of 21 dB at this temperature (Fig. 2.9d), which significantly exceeds unity, thus
enabling measurement of the superfluid mechanical motion in real time.
To demonstrate real-time measurement, we tracked the superfluid motion encoded onto the ho-
modyne photocurrent over a period of 5 s. We then applied filters of varying length to the recorded
signal in order to simulate different measurement times. The best estimate of the phase-space mode
position (amplitude of the X-quadrature) was obtained with a single-sided exponential filter of length
1/Γm. Filters of shorter length were then applied to the data in order to acquire a set of measurements
of the oscillator position in phase space. Next, all these measurements were compared to the best
estimate to obtain the measurement variance. In order to determine the minimum measurement time
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Figure 2.10: (a) The ratio of the measurement variance V to the thermal variance VT as a function of the
measurement time represented in terms of its ratio to the oscillator decorrelation time. The grey-shaded area
corresponds to the regime when the measurement variance is smaller than half of the oscillator thermal variance,
i.e. where the measurement is real-time. (b) Thermal trajectory of the 482 kHz third-sound mode in phase
space (blue line), tracked in real time from a series of 1.3 ms-long measurements. Each orange point represents
the position of the mode, measured within 1.3 ms, i.e. 1/Γm. The entire orange area is the thermal cloud of
the oscillator. The blue circle is the measurement imprecision of an individual measurement, computed as the
standard deviation of the shot noise within the time of the measurement. (c) Normalized histograms of the
measurement imprecision (blue) and the thermomechanical noise of the superfluid third-sound mode (orange).
Uncertainties of both the superfluid position and the measurement are distributed normally. Measurement
imprecision is 4 times smaller than the superfluid thermomechanical noise. Figure is reproduced from Ref. [1]
with modifications.
required to resolve the thermomechanical motion, the ratio of the measurement variance, V , to the
thermal variance, VT (best estimate), was obtained as a function of the measurement duration τ and
shown in Fig. 2.10a. As can be seen from this figure, measuring for a shorter time results in a larger
variance. We define a measurement as being real-time if the measurement variance is less than half of
the thermal variance. The superfluid motion is resolvable for measurement times as low as 121 µs, a
factor of 11 times shorter than 1/Γm (1.3 ms), and thus sufficient to track the superfluid motion in real
time.
It is illustrative to depict motional quadratures of an oscillator in phase space. We monitored
a thermal trajectory of the 482 kHz superfluid mode (blue line in Fig. 2.10b) in real time from a
series of 1.3 ms-long measurements, i.e. duration of each of the measurements is equal to 1/Γm.
Each orange point represents the oscillator position measured within 1.3 ms, and therefore the orange
area is the thermal cloud of the third-sound mode. The blue circle represents the imprecision of an
individual measurement, computed as the standard deviation of the shot-noise within the measurement
time. When the measurement time τ increases, the area of the blue circle diminishes, implying that
the measurement imprecision decreases. The measurement is defined as real-time if the area of the
measurement imprecision (blue circle) is smaller than the thermal cloud of the oscillator (orange area).
As can be seen from the histogram in Fig. 2.10c, we tracked the superfluid mechanical motion with the
measurement imprecision (blue histogram) a factor of 4 below the superfluid thermomechanical noise
(orange histogram).
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2.6 Cooling and heating of superfluid mechanical modes
Our optomechanical approach to probing superfluid thermal motion allows not only to track superfluid
mechanical modes but also to manipulate their behaviour. In order to demonstrate this, we cool and heat
phonon excitations of the superfluid film. This is achieved by red-detuning the laser frequency from the
WGM cavity resonance (in contrast, real-time tracking of superfluid thermal motion was carried out on
resonance; also note that in regular optomechanics heating only happens on the blue side) and utilizing
dynamical backaction from both optical radiation pressure and photothermal forces [182]. By varying
the detuning ∆ we observed alterations in the third-sound modes resonance frequency and linewidth,
i.e. dissipation rate (Fig. 2.11). We ascertained that the dynamical backaction is dominated by the
photothermal forces, which manifest in the form of an actuation of the photoconvective superfluid
flow in response to the localized optical heating at the periphery of the microtoroid [2] (see also § 3).
However, the effect of the dynamical backaction on different third-sound modes varies quite drastically.
This might be dictated by differences in the overlap between the photoconvective flow and flow fields
of different third-sound modes. Remarkably, even modes of very similar frequencies experience very
different photothermal forces. Thus, some superfluid modes appear split in the spectrum, as can be seen
in Fig. 2.11. The splitting is attributed to the dispersive interaction between sound modes and quantized
vortices residing in the superfluid film. A detailed discussion of the phonon-vortex interactions is
presented in chapters 4 & 5 of this thesis. However, what is relevant to the current chapter is that the
higher-frequency peak of these near-degenerate mode pairs was consistently observed to experience
stronger dynamical backaction than the lower frequency one (Fig. 2.11). One possible explanation
of this is a cylindrical symmetry breaking caused by a miniscule departure of the microtoroid from
perfect circularity during the microfabrication process. Then the symmetry is broken not only for
the third-sound modes, but also for the photoconvective flow field. Therefore, superfluid modes with
symmetry matching the flow field might be driven, whereas those with the opposing symmetry might
be damped.
The spatial overlap between the photoconvective flow and flow fields of the superfluid modes
determines not only the strength of the photothermal response, but also its sign. Whether a third-sound
mode is cooled or heated depends on the interplay between the radiation pressure force and the sign of
the photothermal response. Examples of cooling and heating of two distinct third-sound modes are
shown in Figs. 2.11a and 2.11b respectively. The 552.5 kHz mode exhibits linewidth broadening from
(cooling) Γ0/2pi = 115 Hz at zero detuning (∆ = 0) to Γ∆/2pi = 464 Hz at a detuning of ∆ = −0.58κ,
where κ is the intrinsic linewidth. The photothermal response of this mode has the same qualitative
characteristics as radiation pressure, namely broadening of the mechanical mode accompanied by
spring softening when red-detuned from the optical cavity. In contrast to the 552.5 kHz mode, the
482 kHz mode exhibits linewidth narrowing (heating) and spring stiffening with increasing detuning ∆
(Fig. 2.11b). This is indicative of the negative sign of the photothermal response which opposes the
direction of the radiation pressure force. The linewidth of this mode narrowed from Γ0/2pi = 137 Hz
at ∆ = 0 to Γ∆/2pi = 49 Hz at ∆ = −0.58κ. From the change in dissipation rates (linewidth) we
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Figure 2.11: Optomechanical cooling (a) and heating (b) of two distinct superfluid third-sound modes. Both
cooling and heating were achieved by red-detuning the laser frequency from the WGM cavity resonance and
utilizing dynamical backaction from both optical radiation pressure and photothermal forces. The interplay
between the radiation pressure and the sign of the photothermal response determines whether a mode is cooled
or heated. The shaded higher frequency peak in (a) exhibits linewidth broadening with increasing detuning ∆,
resulting in a decreasing area under the peak and, thus, mode cooling. In contrast, the shaded higher frequency
peak in (b) exhibits linewidth narrowing with increasing detuning ∆ and hence mode heating. The spectral
splitting of both modes is ascribed to the dispersive interaction between third-sound modes and quantized
vortices in the film. Traces in (a) and (b) are offset for clarity. All measurements were conducted with 200 nW
of input optical power. Figure is reproduced from Ref. [1] with modifications.
computed that the 552.5 kHz mode was cooled by a factor of T∆
T0
= Γ0
Γ∆
= 0.25, whereas the 482 kHz
mode was heated by a factor of T∆
T0
= 2.8.
We would like to point out that the characteristic time of the photothermal response in our system
is τ ≈ 600 ns. Such an outstandingly fast response is enabled by the very high thermal conductivity of
superfluid helium [8].
2.7 Conclusion
We presented an approach to cavity optomechanics based on the interaction between optical field
confined within a high-quality whispering-gallery-mode resonator and mechanical excitations on the
surface of a thin film of superfluid helium. We showed that low effective mass of the films results
in large amplitude of zero-point motion and, hence, large single-photon optomechanical coupling
and cooperativity. Small optical mode volume and strong optomechanical coupling results in an
enhanced sensitivity of the optical field to perturbations on the resonator surface presented by the
superfluid film. This allowed us to resolve and track superfluid thermomechanical excitations in real
time, which, to our best knowledge, is the first demonstration of such capability. Furthermore, we
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showed laser cooling and heating of superfluid mechanical modes. Our optomechanical platform with
thin films of superfluid helium offers a great potential for both cavity optomechanics and investigation
of two-dimensional quantum fluids.
Chapter 3
Light-mediated control of superfluid flow
This chapter is based on the work published by the American Physical Society:
D. L. McAuslan, G. I. Harris, C. Baker, Y. Sachkou, X. He, E. Sheridan, and W.P. Bowen. Micropho-
tonic Forces from Superfluid Flow. Physical Review X, 6(2):021012, 2016.
Optical forces are widely used in microphotonic systems. By driving the motion of mechanical
elements, they enable applications ranging from precision sensing and metrology to quantum informa-
tion and fundamental science. To date, the primary approaches to optical forcing exploit either the
direct radiation pressure from light [119], or photothermal forces [183, 184] where optical heating
causes mechanical stress and subsequent deformation of a mechanical element. Photothermal forces
have the advantage of allowing significantly stronger actuation capabilities, but to-date have proved
incompatible with the cryogenic conditions required to reach the quantum regime. In this work we
demonstrate a new approach to optical forcing that allows strong microphotonic forces to be achieved
in cryogenic conditions. The approach utilises, for the first time in a microphotonic context, the
well-known fountain effect in superfluid helium [8], whereby superfluids flow convectively towards a
heat source. In our case, the heat is generated by optical absorption in the vicinity of a mechanical
element. A force is exerted when the fluid reaches this element and imparts momentum onto it. We
experimentally achieve, within a cryogenic environment, microphotonic forces that are an order of
magnitude stronger than their radiation pressure counterparts. As a demonstration of the utility of
our technique, we use the superfluid photoconvective force to feedback cool a mechanical mode of a
microtoroidal resonator to temperatures as low as 137 mK. Depending on geometry of a microphotonic
system, photoconvective flow can be utilised to exert a wide range of forces, including, for instance,
torques and compression, providing a versatile tool for cryogenic actuation of microphotonic systems.
3.1 Introduction
Optical forces are extensively exploited in various micro- and nanophotonic systems, ranging from
photonic circuits [185, 186] and ultracold matter [187] to optical tweezers [188, 189] and bio-
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physics [84, 190]. In cavity optomechanics, in particular, optical forces actuate microscale me-
chanical elements, enabling a wide variety of applications from ultraprecise mass/force/field/spin
sensors [125–128] to quantum and classical information systems [191]. Strong actuation is essential
for an efficient manipulation of mechanical oscillators in the quantum regime. For instance, strong
forces are particularly important for a wide class of quantum optomechanics protocols where measure-
ment and feedback are used to ground state cool [192] or prepare nonclassical states of a mechanical
oscillator, such as squeezed [120, 193, 194], phonon number [109] and superposition states [195].
To date, two main approaches to optical forcing utilize either the direct radiation pressure from
light [119], or photothermal forces [183,184], where optical absorption and heating induce mechanical
stress and subsequent deformation of a mechanical element. While radiation pressure and static
gradient optical forces have proved instrumental for demonstration of, for instance, ground state
cooling [119], ponderomotive squeezing [196], coherent state-swapping [197], and all-optical rout-
ing [198], photothermal forces are known to permit the strongest optical actuation capabilities [182].
For instance, an optomechanical system in which cooling via dynamical backaction was demonstrated
for the first time was indeed based on the photothermal interaction [183]. Moreover, photothermal
forces have been shown to enable efficient optomechanical cooling of a low-frequency mechanical
oscillator to its quantum ground state in a bad-cavity limit [182]. However, to ensure strong actuation,
photothermal systems are typically restricted to materials with a large thermal expansion coefficient
and substantial optical absorption. Furthermore, such materials are precluded from cryogenic operation
due to a several-orders-of-magnitude reduction in the thermal expansion coefficient when cooled to
cryogenic temperatures typical for quantum optomechanics experiments.
In this work we demonstrate a novel, photoconvective, approach to microphotonic forcing based
on the well-known superfluid fountain effect [8], whereby an optically induced heat source generates a
convective superfluid flow that collides with the mechanical oscillator, thus transferring momentum
from the fluid to the oscillator. The superfluid photoconvective forces presented in this work allow
strong optical actuation to be achieved in cryogenic conditions. Furthermore, due to the presence of
superflow, superfluid helium has the highest thermal conductivity of any known material. This enables
strong thermal anchoring of the mechanical element, significantly alleviating challenges associated
with parasitic heating of the mechanical oscillator due to the presence of light, which is one of the
critical factors affecting the performance of cryogenic quantum optomechanics experiments [199].
Unlike other forces that are available in cryogenic conditions, superflow provides a mechanism
to perform remote actuation, whereby the actuator is far removed from the mechanical element and
forces are applied by the flow field that it generates. This could be used to further minimize heating
effects when performing optical actuation and also allows new actuation schemes, such as torques
at microscale [200]. Moreover, owing to the ability of superfluid currents to persist for many hours
without perceptible decay [201] – unique property of superfluids – superfluid flow offers a prospect to
apply persistent forces on micromechanical elements long after the optical field has decayed, which
could be used for nonvolatile optical logical elements such as routers [202] and memories [203].
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3.2 Photoconvective forces from superfluid flow
3.2.1 Radial force
In order to investigate superfluid convective microphotonic forcing, we consider the configuration
shown in Fig. 3.1a. A silica microtoroidal whispering-gallery-mode (WGM) optical resonator is
supported by a silicon pedestal on a silicon chip (see § 1.9). A thin film (typically <5 nm) of superfluid
helium covers the entire surface of the resonator and the chip. Laser light, evanescently coupled
into the resonator, is confined to the outer boundary of the microtoroid. Optical absorption of the
laser field in silica creates a localized heat source at the periphery of the resonator (red glow in in
Fig. 3.1a). Heat-caused temperature increase triggers superfluid helium flow (blue arrows) towards
the heat source via the superfluid thermomechanical (‘fountain’) effect [8]. Reaching the heat source,
at low pressures, superfluid helium converts directly into gas and evaporates from the surface of the
resonator (red arrows). Departing helium atoms exert a force onto the microtoroid. However, the total
force experienced by the resonator also contains a contribution from the radiation pressure, whereby
photons confined inside the WGM cavity impart an outwards radial force on the resonator boundary
due to momentum exchange during the total internal reflection [116]. Here, in order to compare the
magnitude of the superfluid photoconvective force to its radiation pressure counterpart, we evaluate a
net inward radial force exerted by the evaporating helium atoms:
Fradial = −d(mvradial)
dt
, (3.1)
where m is the mass of vaporized helium and vradial is the radial velocity.
Thus, in order to calculate the above radial force, we have to estimate the mass of helium evaporated
per unit of time m˙, i.e. the superfluid mass flow rate caused by the optical absorption, and compute
the radial velocity of evaporating helium atoms. But before embarking on this, we need to make an
important assumption that all the heat flow in the system occurs via superfluid convective heat transfer
and not through conduction in the silica, i.e. heat generated by optical absorption is entirely dissipated
solely by the superfluid. This assumption is important for the steady state condition described below
and valid since the thermal conductivity κsf of superfluid helium is many orders of magnitude larger
than that of silica κSiO2 at the temperatures used in our experiments [204, 205]:
κsf tsf
κSiO2 tSiO2
>> 1. (3.2)
Here tsf and tSiO2 are thickness’ of superfluid film and silica microtoroid respectively. This assumption
is also verified in our experiments, which confirm that once the superfluid film boils off at high optical
powers, the resonator is no longer in thermal equilibrium with the cryogenic environment (see § 3.3.2
and Fig. 3.4b).
Superfluid mass flow rate
In order to theoretically investigate the recoil force on the microtoroid resulting from evaporation of
helium atoms from its surface, we consider a steady state case where the heat load in the resonator is
CHAPTER 3. LIGHT-MEDIATED CONTROL OF SUPERFLUID FLOW 47
θ
φ
cba
R
rp
tsf
Figure 3.1: (a) Artist’s representation of our experimental configuration utilized to investigate superfluid
microphotonic forcing. A microtoroidal whispering-gallery-mode optical cavity is coated with a thin film of
superfluid helium. Laser light is confined to the outer boundary of the cavity. Optical absorption of light in silica
generates heat at the periphery of the microtoroid (red glow). Temperature increase triggers superfluid flow
(blue arrows) towards the localized heat source due to the superfluid thermomechanical effect. Reaching the
heat source, superfluid evaporates from the surface of the microtoroid (red arrows) with helium atoms imparting
momentum to the cavity. (b) Sketch of the cross-section of a microtoroidal optical cavity. The blue arrow
represents superfluid flow which originates from the silicon pedestal and flows towards the area of localized
heat at the periphery of the resonator. Velocity of superfluid flow on the pedestal is directed vertically upwards
before becoming purely horizontal at the point of connection of the silicon pedestal with the silica microtoroid.
Red arrows indicate evaporation of helium atoms from the microtoroid surface. (c) Sketch of the top view of a
microtoroidal resonator of radius R (silica microtoroid is shown transparent for convenience). Boundary of the
pedestal of radius rp is shown in dashed line. Blue arrows indicate superflow at the level of the pedestal. The
superfluid film thickness is labelled tsf . Red glow indicates the optically generated heat. Figure is reproduced
from ref. [2] with modifications.
fully balanced out by the energy dissipation from the microtoroid surface. Heat power Pabs is generated
through absorption of the circulating laser field in the silica at the microtoroid periphery. In order to
balance out this heat load, energy should dissipate through normal fluid counterflow or evaporation
of helium atoms. As we discussed in § 1.10, the normal fluid component is viscously clamped to the
surface of the microtoroid [99], which implies that normal fluid cannot flow out and, hence, cannot
take heat away. This means that the energy dissipation occurs via evaporation of helium atoms (unlike
in bulk superfluid systems where the energy dissipation is typically conducted via the normal fluid
counterflow). Given the steady-state scenario, fluid cannot accumulate in the vicinity of the heat source
on the microtoroid surface, which implies that the evaporation rate should be equal to the fluid influx
from superfluid flow. For the optically generated heat power Pabs, the superfluid mass flow rate is then
given by
m˙ =
Pabs
L− 〈µvdw〉+ ∆H . (3.3)
Here, L is the latent heat of vaporization (in our experimental conditions L ' 17.5 kJ/kg [68]) and
∆H =
∫ Tevap
T0
c(T ) dT is the superfluid enthalpy change between the cryostat temperature T0 and the
evaporation temperature Tevap, where c(T ) is the specific heat capacity of liquid helium. However,
the enthalpy change ∆H is small compared to the latent heat of vaporization L and, thus, can be
neglected [68]. In equation (3.3), 〈µvdw〉 represents the mean van der Waals potential energy of the
superfluid film. We shall now focus our attention on how to compute this quantity.
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Van der Waals potential
The van der Waals interaction between helium atoms and atoms of the substrate material provides
the restoring force for the superfluid film. Under the approximation of thin films, relevant to our
experimental conditions, the van der Waals potential µvdw (which has the dimension of the energy per
unit mass) at a distance d from the substrate is given by
µvdw = −αvdw
d3
. (3.4)
For silica – the material of our fabricated microtoroidal resonators – the van der Waals coefficient is
equal to αvdw = 2.65× 10−24 m5s−2.
Since the normal fluid component has viscosity, we can consider that the first helium monolayer is
viscously clamped to the substrate and is not involved in the heat transport [104]. Then the mean van
der Waals potential of the flowing superfluid in our experimental case can be computed as
〈µvdw〉 ' 1
2− 0.35
x=2nm∫
x=0.35nm
µvdw (x) dx = −6.4 kJ/kg. (3.5)
From the perspective of a helium atom, this is the energy required to escape the van der Waals potential.
In Eq. (3.5) the approximate thickness of the first helium monolayer on silica resonator is equal to
0.35 nm, and the approximate superfluid film thickness is 2 nm. Hence, the integral in (3.5) is taken
only over the flowing part of the film. Comparing the mean value of the van der Waals potential
with values of the latent heat of vaporization L and the enthalpy change ∆H , one can see that the
contribution of the van der Waals potential in Eq. (3.3) cannot be neglected. Indeed, 〈µvdw〉 constitutes
nearly 36% of the latent heat of vaporization for liquid helium. However, 〈µvdw〉 is significantly
greater than the change in enthalpy of the superfluid. Figure 3.2 shows the van der Waals potential as a
function of the superfluid film thickness and the comparison of its mean value over the experimentally
relevant film thickness range with the latent heat of vaporization.
Using equation (3.3) and taking a value for the optical heat power generated in the microtoroid
through absorption to be Pabs = 1µW, we can now calculate the superfluid mass flow rate which
yields m˙ ≈ 4.1× 10−11 kg/s.
Condensation of helium atoms on the microtoroid surface
In order to maintain the steady state condition, evaporated helium atoms should be replenished through
the incoming superfluid flow. This can be achieved either via the fluid flow up the pedestal or through
the condensation of helium atoms on the microtoroid surface after evaporation. Let us first consider
the effect of the condensation and estimate its contribution in replenishing helium atoms.
Kinetic theory of gases gives the impingement rate r of gas molecules on a surface as [180]
r =
P√
2pikBTmHe
, (3.6)
where P is the gas pressure, kB the Boltzmann constant, T the temperature, and mHe the mass of a
helium atom. The impingement rate is given in particles per unit area per unit time.
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Figure 3.2: (a) Absolute value of the van der Waals potential (3.4) as a function of film thickness d (blue).
The blue-shaded area corresponds to the superfluid film thickness - the film thickness range relevant to our
experiments - over which the mean van der Waals potential 〈µvdw〉 is computed (orange). For comparison, the
latent heat of vaporization for liquid helium at 500 mK is shown in green. (b) Normalized driven response of the
microtoroid mechanical mode of interest as a function of the drive power in the presence of the superfluid film.
The purpose of this measurement is to demonstrate that the superfluid photoconvective force linearly depends
on the laser power in the optical cavity, as predicted by Eq. 3.10. To measure this driven response, we pass a
laser beam (laser power is 1 µW) through an electro-optic modulator (EOM) and then send it straight into the
microtoroid. We vary the drive power on the EOM and measure the driven response of the microtoroid mode
using a network analyzer. The normalization – driven response divided by the drive power – is done such that a
flat line corresponds to a linear response of the photoconvective force. The response is linear over a 50 dBm
range, with the drop at the highest values of the drive power caused by a saturation of the EOM response. Figure
is reproduced from Ref. [2] with minor modifications.
The upper bound of the mass flow rate due to condensation can be computed with an assumption
that every single helium atom that impinges upon top and bottom surfaces of the microtoroid condenses
on either of these surfaces. Then the mass flow rate is given by
m˙condensation = r
2piR2
NA
M, (3.7)
whereR is the microtoroid major radius, M' 4 g/mol is the molar mass of helium, andNA Avogadro’s
constant. We would like to point out that, from the energetic point of view, the condensation events
counter-balance the evaporation counterparts, as, upon condensation, each atom releases its latent heat
before taking away practically the same amount upon evaporation from the outer boundary of the
resonator. Thus, the condensation events do not alter the results of equation (3.3).
At saturated vapour pressure P ≈ 10−2 Pa, the condensation mass flow rate computes to
m˙condensation ≈ 6.7 × 10−13 kg/s. This upper bound of m˙condensation is nearly two orders of mag-
nitude smaller than the superfluid mass flow rate m˙ induced by the thermomechanical effect in our
experiments. Thus, the effect of condensation of helium atoms on the microtoroid surface can safely
be neglected. This leaves the only possible option for the incoming superfluid flow to maintain the
steady state condition - to originate from the pedestal.
Computation of Fradial
Having determined the superfluid mass flow rate, we now have to compute the net radial velocity vradial
of helium atoms departing upon evaporation. In order to do this, we consider that from every point of
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the microtoroid periphery helium atoms evaporate isotropically in the outwards oriented half-space (see
Fig. 3.1b). Then vradial can be computed by integrating all contributions of this isotropic evaporation.
Thus, the radial force (3.1) is given by
Fradial = −d(mvradial)
dt
= m˙vrms
1
pi
pi/2∫
−pi/2
cos(θ) dθ × 1
pi
pi/2∫
−pi/2
cos(φ) dφ =
4
pi2
m˙vrms, (3.8)
where vrms is a root-mean-square (rms) velocity of the departing atoms. As known from the kinetic
theory of gases [180], vrms is given by
vrms =
√
3kBTevap
mHe
. (3.9)
Here, Tevap is the temperature of evaporated atoms, which in our experimental conditions is ' 1 K.
The two integrals over the polar angle φ and the azimuthal angle θ in Eq. (3.8) represent projections
of evaporated helium atoms’ momenta onto the radial axis (see Fig. 3.1b).
Plugging expressions (3.3) for the superfluid mass flow rate and (3.9) for the rms-velocity of
atoms in equation (3.8), we now arrive at the final result for the recoil radial force experienced by the
microtoroid from the evaporation of helium atoms:
Fradial =
4
pi2
√
3kBTevap
mHe
Pabs
L− 〈µVDW〉 . (3.10)
With the optically generated heat power of Pabs = 1µW, the radial recoil force on the microtoroid
computes to Fradial ' 1.3× 10−9 N.
It is important to note that the evaporation of helium atoms generates only the radial force, and
does not exert a net force on the microtoroid in the vertical direction z. This is a consequence of the
fact that the vaporization is isotropic along z axis and, thus, produces no net momentum change along
z.
According to Eq. 3.10, Fradial should linearly depend on the injected laser power. And this is
indeed consistent with our experimental observations, as can be seen in Fig. 3.2b.
Comparison of Fradial with radiation pressure force
Once of the great advantages of the superfluid photoconvective forces is that, similar to photothermal
forces [183], Fradial does not depend on the cavity finesse, as can be seen from Eq. (3.10). This means
that the photoconvective forces can be efficient in configurations with a weak cavity or even no cavity
at all.
We compare the radial superfluid photoconvective force – for the case when the incident light is
fully absorbed – with its competitor — radiation pressure force, which is given by FRP = PabsF/c,
with F being the cavity finesse and c the speed of light. For configuration with no cavity, i.e. finesse
F = 1, and with the absorbed optical power Pabs = 1µW, as in all previous calculations, the radiation
pressure force computes to FRP = 3× 10−15 N. For the superfluid evaporation temperature of 1 K,
Fradial is ' 4.3 × 105 times stronger than FRP. This means that in our configuration a cavity with a
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finesse of approximately 430 000 would be required for the radiation pressure force to be comparable
to the superfluid photoconvective force. However, the WGM cavity used in our experiments has a
finesse of 53 000, which still makes the superfluid force one order of magnitude stronger than the one
from the radiation pressure.
Efficiency of the evaporation process
It is intuitively clear that the more helium atoms evaporate from the surface per unit of time, the
stronger recoil force they exert on the microtoroid. In order to estimate the efficiency of the recoil
process, we calculate the number of helium atoms N evaporated in response to the heat generated by
one absorbed photon:
N =
~ω0
kB
(
µ+ 3
2
Tevap
) . (3.11)
Here, the numerator is the energy of the incoming photon, with ω0 being the optical resonance
frequency, and the denominator represents the energy required to evaporate one helium atom, with
µ = 7.15 K being the latent heat per atom (chemical potential) [206]. Taking the evaporation
temperature of 1 K, yields approximately 1100 helium atoms evaporated per one absorbed photon.
MultiplyingN by the mass of a helium atom, we obtain the total mass of evaporated helium per photon:
mevap ' 7.4 × 10−24 kg. We can also estimate the fraction of the photon energy converted into the
kinetic energy of the evaporated helium atoms. We do so by multiplying N by the kinetic energy of
one atom and diving this by the photon energy. Using Eq. 3.9, we arrive at the following:
η =
3
2
Tevap
µ+ 3
2
Tevap
' 17 %. (3.12)
3.2.2 Vertical force
Even though there is no net vertical force on the microtoroid caused by the vaporization (see § 3.2.1),
there can be a vertical force exerted on the resonator by the superfluid flow arriving from the silicon
pedestal. In response to the evaporation of helium atoms from the area of localized heat, superfluid
continuously flows from the substrate to the microtoroid periphery via the pedestal. The induced
superfluid flow, streaming up the silicon pillar, is purely vertical. Therefore, it reaches the silica
resonator with momentum directed only vertically upwards. Upon arriving at the flat silica resonator,
the flow becomes solely horizontal. The flow thereby exerts a vertical force on the microtoroid as the
superfluid changes direction at the joint between the pedestal and the silica resonator. We would like
to emphasize that this force is not a direct consequence of the evaporation of helium atoms, but rather
caused by the momentum change of the macroscopic superflow. We can, therefore, in analogy with
Eq. 3.8 define this vertical force Fz as
Fz = −d(mvz)
dt
. (3.13)
Here vz is velocity of the flow through the junction point between the pedestal and the microtoroid.
This velocity can be computed in the following way.
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We first obtain the superfluid volumetric flow rate V˙ using Eq. 3.3:
V˙ =
m˙
ρ
' 1
ρ
Pabs
L− 〈µvdw〉 (3.14)
Here ρ = 145 kg/m3 is the superfluid helium density. As we discussed in § 3.2.1, all the incoming
superfluid flow, streaming to replenish the evaporated helium, should come only through the pedestal.
The flow velocity is the largest at the narrowest point of the pedestal, i.e. at the junction with the
microtoroid. The velocity vz through this point can be obtained as
v =
V˙
2pirp tsf
. (3.15)
Here tsf and rp are the superfluid film thickness and the pedestal radius respectively. The denominator
2pirptsf represents the cross-sectional area of the pedestal together with the film. This is the area
through which the helium influx occurs at the level of the pedestal (see Fig. 3.1c).
Plugging vz from Eq. 3.15 into Eq. 3.13, we obtain the vertical force:
Fz =
m˙2
2pirp tsfρ
. (3.16)
In order to obtain a value of Fz, we estimated the pedestal radius rp through the finite-element
modelling by fitting resonance frequencies of the microtoroid mechanical modes observed in the
experiment. The resonator used for the work presented in this chapter is highly undercut, with the
pedestal radius estimated to be approximately 1.65 µm. Taking values for the superfluid film thickness
and the absorbed heat power to be, as before, tsf = 2 nm and Pabs = 1 µW respectively, we calculate
Fz = 5.8× 10−10 N.
As can be seen from Eqs. 3.16 & 3.3, the vertical force Fz should exhibit a quadratic dependence
on the heat power Pabs. This has been experimentally observed for the lowest optical powers in seminal
experiments in bulk superfluid helium [207, 208].
Even though in our experiments the magnitude of the vertical force Fz is comparable to that of the
radial force Fradial, Fz is applied to a node of the displacement of the microtoroid mechanical mode
of interest (see § 3.3.1) and, therefore, does not efficiently couple to this mode. Thus, Fz does not
play a significant role in our experiments, as also confirmed by the linear dependence of the measured
superfluid photoconvective force on the laser power (Fig. 3.2b). However, we expect that in other
experimental designs the vertical force Fz may be exploited beneficially.
3.3 Experimental configuration and results
3.3.1 Experimental configuration
In order to investigate photoconvective forcing from superfluid flow, we employed the experimental
configuration shown in Fig. 3.3a. A microtoroidal WGM optical cavity with major radius of Rmajor =
37.5 µm and minor radius of Rminor = 3.5 µm is enclosed within the sample chamber of a closed-cycle
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Figure 3.3: (a) Experimental configuration employed to study the superfluid photoconvective forcing. A WGM
optical cavity placed inside a sample chamber of a helium-3 cryostat forms a part of an all-fibre interferometer
built for the balanced homodyne detection scheme. Electronic filters and amplification stages are implemented
for the feedback cooling experiment described in § 3.3.4. The interferometer and the cavity locking is utilized
for stability of the interferometer phase and the laser frequency respectively. FBS – fibre beamsplitter, AM –
amplitude modulator, SA – spectrum analyser, NA – network analyser, PD – photodetector. (b) Displacement
profile due to thermomechanical motion of the microtoroid flexural mode of interest at 3 K. Inset: finite-element
simulation of the mode’s mechanical displacement profile. Figure is reproduced from Ref. [2] with modifications.
helium-3 cryostat. Fibre-laser light with wavelength of 1555.08 nm evanescently couples into a
high-quality optical mode of the resonator via a tapered single-mode optical fibre. The linewidth
of the microtoroid optical mode of interest is κ/2pi = 23.5 MHz. Being a solid structure made of
silica, the microtoroidal resonator exhibits intrinsic mechanical vibrations. Its motional modes span
a frequency range from 1 MHz to 50 MHz. The thermal motion of these modes is encoded onto the
optical field confined within the microtoroid as phase fluctuations which we resolve via balanced
homodyne detection. The radial forces exerted onto the resonator both from the radiation pressure and
the superfluid flow would be most efficient when acting on the the radial breathing mode of the toroid
due to an optimal overlap between the forces and the mode. In our structure this mode has a frequency
of 40 MHz. However, we experimentally found that the forcing from the superfluid flow is ineffective
above frequencies of approximately 2 MHz. We ascribe this behaviour to a possible breakdown of
superfluidity which occurs as the superfluid critical velocity is reached [8]. The maximum frequency
at which the superfluid can respond is limited by the critical velocity and the distance it needs to
travel, which in our experiment is on the order of the microtoroid radius. Another possible reason
for the bounded photothermal bandwidth could be the characteristic thermal response time of the
resonator, which functions as a low-pass filter. As a consequence, for our experiments we chose the
first-order flexural mode of the microtoroid with a frequency of Ωm/2pi = 1.35 MHz and a mechanical
dissipation rate of Γm/2pi = 530 Hz at the base temperature of the cryostat (559 mK). This mode was
chosen as it was observed to exhibit the strongest forcing from helium evaporation. The measured
single-photon optomechanical coupling rate of this mode is g0/2pi = 12.3 Hz. Thermomechanical
fluctuations of the flexural mode of interest at 3 K are shown in Fig. 3.3b. The inset of this figure
illustrates the displacement profile of the mode obtained through the finite-element modelling.
In order to form a superfluid helium film on the microtoroid, the sample chamber is filled with
helium-4 gas at low-pressure (19 mBar at 2.9 K). Upon cooling down towards the cryostat base
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Figure 3.4: (a) Temperature of the microtoroid flexural mechanical mode as a function of the cryostat temperature
varied from 10 K down to 0.32 K. The plateau below 0.56 K is a microtoroid base temperature which it reaches
with 100 nW of injected optical power. Below 0.56 K the microtoroid is no longer in thermal equilibrium with
the cryostat due to the heat dissipated at the resonator. (b) Temperature of the microtoroid flexural mode as a
function of the laser power varied from 10 nW up to 3.3 µW. Below 2.2 µW the mode temperature exhibits
only a modest growth as the laser power is increased over two orders of magnitude from 10 nW to 2.1 µW. The
abrupt temperature jump above 2.2 µW is caused by the superfluid film boil-off, resulting in the break down of
the microtoroid thermalization to the cryostat. Figure is reproduced from Ref. [2] with minor modifications.
temperature and crossing the superfluid phase transition temperature, the film naturally forms on the
entire surface inside the sample chamber including the microtoroid. The low helium gas pressure is
chosen deliberately in order to ensure a thickness of the superfluid film which would support third-
sound modes with frequencies that do not overlap with the characteristic frequency of the microtoroid
mechanical mode. At the chosen gas pressure the superfluid phase transition temperature is 850 mK,
at which helium transitions from the gas directly into its superfluid state, forming an ultrathin (<5 nm)
superfluid film.
3.3.2 Microtoroid mode thermometry
Knowing the temperature of the microtoroid is an important prerequisite for the work presented in this
chapter. We start off by monitoring the displacement of the microtoroid flexural mode of interest while
varying the cryostat temperature from 10 K down to 320 mK. Recording the homodyne photocurrent
and performing its spectral analysis, we integrate the power spectral density of the mechanical mode
and, thus, ascertain the mode’s temperature. This yields an estimate of the thermal equilibrium final
temperature of the mechanical mode. As can be seen from the linear fit in Fig. 3.4a, the microtoroid is
well thermalized to its cryogenic environment in the temperature range from 10 K down to 560 mK.
However, below 560 mK the microtoroid mechanical mode temperature plateaus and is no longer in
thermal equilibrium with the cryostat (see Fig. 3.4a). We ascribe this temperature departure to the
optical heat dissipated at the level of the microtoroid, resulting in a thermal gradient between the
resonator and the cryostat cold plate.
We next investigate the effect of the heat generated due to optical absorption on the microtoroid
temperature. To do so, we determine the temperature of the microtoroid mechanical mode as a function
of the laser power. The temperature is obtained through integrating the power spectral density of
the flexural mode and is observed to grow with rising laser power. Increasing optical heat results in
thermal effects that degrade the system above certain threshold. In the case of our superfluid - based
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system this thermal degradation corresponds to boil-off of the superfluid film, as shown in Fig. 3.4b.
First, while the laser power is increased over two orders of magnitude from 10 nW to 2.1 µW, the
microtoroid mode temperature grows only modestly from 510 mK to 730 mK. However, when the laser
power is further increased above 2.2 µW, the mechanical mode temperature exhibits an abrupt jump to
about 3 K, which is indicated by the red-shaded area in Fig. 3.4b. This threshold is a consequence
of the upper limit on the superfluid flow rate through the narrowest point of the pedestal which is
dependent upon the optical heat power (see § 3.2.2). The maximal flow rate through the junction
between the pedestal and the microtoroid dictates the maximal optical thermal load which can be
balanced out by the superfluid film. Plugging in the boil-off power of 2.2 µW into Eq. (3.15) for the
flow velocity through the constriction point of the pedestal, yields ∼ 30 m/s, that is in the vicinity of
the superfluid critical velocity beyond which superfluidity breaks down and the superfluid flow ceases
to be dissipationless. This causes a thermal run-away process, whereby the superfluid at the outer
boundary of the resonator can no longer be replenished at the same rate as it evaporates and, hence,
boils off entirely. As a result, thermalization of the microtoroid breaks and the resonator is no longer
thermally anchored to the cryostat through the efficient superfluid link, but rather through the thermal
conductance of its silicon pedestal, with its final temperature dominated by the optically generated
heat.
3.3.3 Superfluid-enhanced optical forces
The next experiment is designed to investigate microphotonic forces existing in our system. We
coherently drive mechanical motion of the microtoroid flexural mode while varying the cryostat
temperature and performing a network analysis (Fig. 3.5). A constant drive tone at the frequency of
the flexural mode (1.35 MHz) is applied via amplitude modulation of the optical field coupled into the
resonator. This drives the mechanical mode via resonant forces exerted on the microtoroid from both
radiation pressure and, below the the superfluid transition temperature, superfluid flow. Response of
the flexural mode to this drive is imprinted onto the phase of the output light field which is measured
via the homodyne detection scheme. Figure 3.5a illustrates how the mode’s driven response varies
with the cryostat temperature. Above the superfluid phase transition the optical force on the resonator
comes solely from radiation pressure (right-hand side of Fig. 3.5b) and is basically independent of
temperature, as indicated by the flat response of the mode in Fig. 3.5a. However, upon crossing the
superfluid transition temperature and emergence of a superfluid film (grey-shaded area in Fig. 3.4a),
the response of the mechanical mode to the coherent optical drive exhibits a sharp rise by 21 dB
(Figs. 3.5a & 3.5b(left)). This manifests as an effective optical forcing of the flexural mode at the level
of 540 fN. However, finite-element modelling reveals a very poor overlap between this mechanical
mode and the radial recoil force from helium evaporation (see § 3.2.1), with the calculated overlap
being only 0.037%. Indeed, the flexural motion illustrated in the inset of Fig. 3.3 is predominantly
out-of-plane, with only a minute radial motion component. The driving is most efficient when it is
collinear with the motion. Thus, given the calculated overlap, we estimate that the 540 fN vertical drive
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Figure 3.5: (a) Measured response of the microtoroid flexural mode (red dots) to the coherent optical drive
as the cryostat temperature is varied from 3 K down to ∼ 320 mK. The experimental data exhibits a sharp
increased response at the superfluid transition temperature. A theoretical fit to the data is shown in solid black
line (theoretical fit has no free parameters). The grey-shaded region indicates the temperature range within which
the microtoroid is covered with a superfluid film. The pink-shaded area shows a theoretically estimated band
of the expected superfluid photoconvective force in the case if Tevap is up to 1 K higher than the mechanical
mode temperature. (b) Comparison of the microtoroid flexural mode displacement spectra at 0.7 K (left) and
2 K (right) under a coherent optical drive applied via amplitude modulation of the injected light field. The
driven response of the mechanical mode exhibits a large increase in the presence of the superfluid film. Figure is
reproduced from Ref. [2] with minor modifications.
produces a force of 1.46 nN applied radially. The boosted response of the microtoroid mechanical
mode to the optical drive in the presence of superfluid well agrees with the theoretical estimations
(§ 3.2.1) and corresponds to a superfluid photoconvective force that is eleven times stronger than its
radiation pressure counterpart (Fig. 3.5a).
The combined forcing is well described by our theoretical model (see § 3.2) which fits the
experimental data without any free parameters (black curve in Fig. 3.5a). As can bee seen from
Fig. 3.5a, the experimental data exhibits a downward trend of applied photoconvective forcing below
the superfluid transition temperature. This can be explained by a reduction in RMS velocities of the
evaporated helium atoms (Eq. (3.9)), i.e. atoms at lower temperatures exert less recoil force on the
resonator (Eq. (3.10)). This behaviour is well reproduced by our theoretical model, whereby we took
the temperature of evaporated helium atoms in Eq. (3.10) to be equal to the measured microtoroid
mechanical mode temperature Tm. However, as illustrated in Fig. 3.5a, the experimentally measured
superfluid photoconvective forces are observed to systematically exceed their theoretically predicted
values within maximum discrepancy of roughly 60%. We ascribe this deviation to a temperature
imbalance between the evaporated helium atoms and the superfluid film. This is consistent with the
past observations which demonstrated that, depending on the total heat applied to the liquid, helium
atoms evaporated from a superfluid film tend to have a temperature up to 1 K higher than that of the
superfluid film [206, 209]. In Fig. 3.5a this trend is illustrated by the theoretically estimated band
(pink-shaded area) which shows the expected superfluid photoconvective force applied by helium
atoms that are evaporated with temperatures Tevap in the range from the mode temperature Tm to
Tm + 1 K.
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3.3.4 Feedback cooling of a microtoroid mechanical mode
In order to demonstrate an application that would benefit from the superfluid-enhanced optical forces,
we damp motion of the microtoroid flexural mode through a feedback cooling protocol. Theoretical
background of the feedback cooling has been elaborated in details in a wide range of publications [210–
213]. Here, prior to describing the experimental results, we briefly provide the main postulates of the
feedback cooling theory that are relevant to our experiments.
Theoretical background of feedback cooling
The homodyne photocurrent, that in optomechanical systems is proportional to the optical field phase
fluctuations induced by the motion of a mechanical element, can be quite generally represented as
δi(ω) = Gdetδx˜(ω) (3.17)
= Gdet (δx(ω) + δN(ω)) , (3.18)
where δN(ω) is measurement noise and Gdet is the detection gain provided by the detector, interferom-
eter response and optomechanical interaction. The measurement noise in our system manifests as the
optical shot noise that has a flat spectrum across the mechanics spectral region. In our experimental
configuration the photocurrent is fed into an amplitude modulator located just before the microtoroidal
optical cavity (see Fig. 3.3a). This leads to direct amplitude modulation of the intracavity light field
which, in turn, results in an applied optically mediated feedback force proportional to the photocurrent,
i.e. FFB(ω) ∝ δi(ω). Assembling the effects of detection, filtering and actuation into a combined gain
term, we can write the feedback force as
FFB(ω) = −gχ−1(Ωm)δx˜(ω). (3.19)
Here g represents the feedback gain and the term χ−1(Ωm) ensures that the gain is unitless and eases
factorization into the mechanical susceptibility in the consecutive steps. Plugging Eq. (3.19) into the
quantum Langevin equation written in the Fourier domain yields for the oscillator position
δx(ω) = χ′(ω)
[
Fth(ω)− gχ−1(Ωm)δN(ω)
]
(3.20)
where Fth is the thermal force and χ′−1(ω) = m−1eff [Ω
2
m − ω2 + iΓ′mΩm]−1 is the feedback-modified
mechanical susceptibility with altered linewidth Γ′m = Γm (1 + g). The integrated power spectral
density obtained from the photocurrent as Sx˜x˜(ω) = 〈|δx˜(ω)|2〉 can then give the mechanical mode
temperature as
T˜ =
∫ ∞
−∞
dω Sx˜x˜(ω) (3.21)
=
(
1− g(g + 2)
SNR
)
1
1 + g
T0. (3.22)
Here T0 is the initial temperature and SNR is the signal-to-noise ratio of the mechanical fluctuations
peak to the noise of the detector signal that is used for feedback cooling. SNR is given by SNR =
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Sx˜x˜(Ωm)
SNN(Ωm)
. However, this is not the actual final temperature of the mechanical mode. Since T˜ is
derived from the same photocurrent that is fed back into the microtoroid for feedback cooling, the
in-loop photodetector shot noise, correlated with fluctuations of the microtoroid mechanical mode, is
incorporated into T˜ [213]. Note although that these correlations occur only at high gain. The actual
final mechanical mode temperature can be obtained by considering the signal from an independent
out-of-loop photodetector which is uncorrelated with the signal from the in-loop detector prior to
interaction with the microtoroid mechanical mode (see Ref. [213] for details). The actual mode
temperature, independent of the feedback-induced correlations, is then given by
T =
SNR + g2
SNR− g(g + 2) T˜ . (3.23)
Experimental realization of feedback cooling
Experimentally the feedback cooling protocol in our system is realized by feeding the homodyne
current into an amplitude modulator, that light passes through right before going into the optical
cavity (Fig. 3.3a). In order to cool down the microtoroid mechanical mode, we have to ensure that the
combined force from the superfluid flow and radiation pressure opposes the velocity of the mode. This
requires the phase of the feedback loop to be adjusted appropriately, which is achieved by passing the
homodyne current through a number of filter and amplification stages before it is fed into the amplitude
modulator (Fig. 3.3a). This protocol allows us to cool the thermomechanical motion of the 1.35 MHz
flexural microtoroid mode via cold damping [214]. The result is shown in Figs. 3.6a & 3.6b, which
demonstrate that both the displacement amplitude of the flexural mode (Fig. 3.6b) and its temperature
(Fig. 3.6a) decrease as the gain becomes stronger. This is in an excellent agreement with the theory
presented above and in Ref. [212, 213]. With the initial temperature of T0 = 715 mK in Eq. (3.22), T˜
accurately describes the behaviour of our system, as indicated by the solid line in Fig. 3.6a. However,
T˜ gives the “in-loop” temperature estimate which is not the actual final mode temperature (see above in
this § for the brief theoretical background). The actual mode temperature (“out-of-loop”) is computed
with Eq. (3.23) and shows that the microtoroid 1.35 MHz flexural mode is cooled from 715 mK to
137 mK (dashed line in Fig. 3.6a). The final mechanical occupancy of this mode is calculated to be
n = 2110± 40 phonons.
The final phonon occupancy of a mechanical mode, quite generally for the feedback cooling
technique, is determined by both the optomechanical coupling rate and the ultimate strength of
the feedback force [170]. The efficiency of the feedback cooling and the achievable temperature
is limited by the level of motion at which the signal starts to merge with the detection noise (see
Fig. 3.6b). With a larger optomechanical coupling rate, this occurs at a lower effective temperature
and smaller displacement amplitude, enabling more effective cooling. In our system the constraint
is imposed by not-so-high optomechanical coupling rate of the microtoroid flexural mode which
ultimately limits the final phonon occupancy. For the parameters realized in our system – choice of
the mechanical mode, cryostat temperature, and the maximum feedback force magnitude of 1.46 nN –
we estimate that the superfluid-mediated feedback force would become a constraint for a mechanical
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Figure 3.6: (a) Temperature of the 1.35 MHz microtoroid flexural mode as a function of the feedback gain.
The mode is cooled from 715 mK to 137 mK via superfluid-mediated cold damping within a feedback loop.
The probe power is kept at 1.9 µW while the feedback gain is swept over three orders of magnitude. The
black solid line shows the mode temperature estimate from in-loop measurements. The dashed line represents
the out-of-loop mode temperature computed with Eq. (3.23). (b) The microtoroid flexural mode displacement
spectrum with varying feedback gain. Figure is reproduced from Ref. [2] with minor modifications.
occupancy only below n ≈ 0.015. Thus, we expect that cooling of mechanical modes to their
quantum ground states should be possible with superfluid-enhanced photoconvective forces, given
that the microtoroid parameters are improved to the level of those demonstrated in Refs. [197, 215].
Moreover, combining the superfluid-mediated feedback forces with back-action evading [120,193,194]
or nonlinear measurements [109, 195], generation of non-classical mechanical states should also be
achievable.
3.4 Conclusion
We demonstrated a novel approach to microphotonic forcing of mechanical elements which is based
on photoconvective flow of superfluid helium and recoil. Our theoretical calculations and experiments
showed that, in cryogenic conditions, forces significantly stronger than radiation pressure are available
using superfluid photoconvective effects. The frictionless flow of superfluid helium allows fast actuation
of mechanical elements to be realized in addition to their strong thermal anchoring, enabling relatively
high optical powers to be used in cryogenic environments. Furthermore, in appropriately designed
optomechanical systems, superfluid flow forces could be used to exert e.g. torques, and to stretch
or compress microphotonic elements, providing a versatile tool to actuate cryogenic microphotonic
circuits.
Chapter 4
Theoretical investigation of vortex-sound
interactions in two-dimensional superfluids
This chapter is based on the work published by IOP Publishing:
S. Forstner, Y. Sachkou, M. Woolley, G. I. Harris, X. He, W. P. Bowen, C. G. Baker, Modelling
of vorticity, sound and their interaction in two-dimensional superfluids, New Journal of Physics 21,
053029, 2019.
Vortices play an essential role in two-dimensional superfluids since they are responsible for the
onset of superfluidity in these systems, as described by the theory of Berezinskii-Kosterlitz-Thouless
phase transition [13–16], and determine the dynamics of superfluids, giving rise to dissipation [20,181],
quantum turbulence [19], and generation of exotic vortex configurations [21]. Interaction between
vortices and sound is of broad significance in Bose-Einstein condensates of dilute gases and superfluid
helium [26,27,36,37,216]. However, quantifying and modelling the vortex flow field and its interaction
with sound are sophisticated hydrodynamic problems, with analytic solutions available only in special
cases [53]. In this work we develop methods to compute both the vortex and sound flow fields within
an arbitrary two-dimensional domain. Furthermore, we theoretically investigate the dispersive vortex-
sound interaction in two-dimensional superfluids and develop a model which quantifies this interaction
for any vortex distribution on any two-dimensional bounded domain, not necessarily simply-connected.
To achieve this, we utilize analogies between superfluid and vortex dynamics and respectively fluid
dynamics of an ideal gas and electrostatics. Using this technique, we propose an experiment leading to
an unambiguous detection of single circulation quanta in two-dimensional superfluid helium.
4.1 Introduction
Superfluidity in two-dimensional matter has been subject to extensive theoretical and experimental
research efforts since the 70’s of the past century, culminating with the 2016 Physics Nobel Prize,
awarded for understanding the nature of superfluidity in two dimensions [13,14,16]. First systematically
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studied in thin films of superfluid helium [12, 102, 103, 217], superfluid phase transitions have been
discovered in a great variety of other two-dimensional physical systems, such as Bose-Einstein
condensates [218, 219] (BEC), topological superconductors [220], exciton-polariton condensates
[30, 221] etc. Quantized vortices - elementary excitations existing in various quantum fluids and
superconductors - play an essential role in all these condensed matter systems, as they trigger the onset
of phase transitions in two-dimensional matter. Thus, binding of quantized vortices into pairs enables
the emergence of long-range phase order and transition of liquid helium into its superfluid phase in thin
helium films. Quantifying and modelling the interaction of vortices with phonons and rotons - other
forms of elementary excitations in quantum fluids which manifest as sound - is of great importance for
understanding such phenomena as, quantum turbulence [37, 163, 222, 223] and dissipation induced by
vortex-sound interactions. It is also crucial for the ability to experimentally control vortices with sound
and for tracking vortex dynamics. Therefore, the capability to determine the flow field generated by an
arbitrary vortex configuration on an arbitrary and perhaps multiply-connected geometry is of broad
importance, as it enables to quantify the strength of the sound-vortex coupling.
The relevant sound eigenmodes in BECs are density- and temperature-waves, called respectively
first- and second sound. In the case of two-dimensional films of superfluid helium, modes of both
first- and second sound are suppressed due to the incompressibility of the fluid and the clamping of
the normal fluid component. Surface waves (third-sound – see § 1.10) is the primary form of sound
modes in thin films of superfluid helium [99]. Recently, both propagation of temperature-waves in
a two-dimensional Bose-Einstein condensate [224] and real-time measurement and control of third-
sound modes in superfluid helium thin films [1] have been demonstrated. However, up till now there
have been no available numerical tools for modelling sound-vortex interactions within an arbitrary
domain and for an arbitrary distribution of vortices.
In this work we develop a perturbative analytical model for two-dimensional superfluids, allowing
to compute the rate of vortex-sound interactions for any arbitrary distribution of vortices within a
circular domain. We provide an intuitive insight to how vortex flow field induces degeneracy lifting
and frequency splitting of sound modes. Moreover, we go further and develop a finite-element method
to model vortex flow fields and the interaction of sound waves with vortices in a two-dimensional
superfluid by utilising analogies with other areas of physics. We map vortex dynamics onto electrostat-
ics and superfluid hydrodynamics onto fluid dynamics of an ideal gas and leverage well-established
finite-element modelling (FEM) tools available for these fields. We show how the interaction of an
arbitrarily distributed vortex ensemble with sound on any arbitrary two-dimensional geometry, not
necessarily simply-connected, can be modelled using these tools. We discuss the interaction of sound
modes with vortices within an experimentally relevant disk-shaped domain. This case is relevant for a
number of experiments with thin films of superfluid helium [1, 2, 5, 27] (also see chapters 2, 3 & 5 of
this thesis) and two-dimensional Bose-Einstein-condensates [34, 224, 225]. Furthermore, we compare
the results of our analytical model for the sound-vortex interactions with FEM results and show that
the analytical model provides a good approximation to the FEM simulation within circular geometries.
In the last part of this chapter we focus our analysis on the prospect of detecting a single quantum of
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circulation in two-dimensional superfluid helium. While vortices in Bose-Einstein condensates can be
experimentally visualized by optical snapshots [226], and vortices in exciton-polariton condensates can
be seen by optical interferometry, no such direct observation technique is available for thin superfluid
helium films. The reason behind this is that the vortex core in superfluid helium is an A˚ngstro¨m-size
perturbation to an ultra-thin film of transparent liquid, whose flow does not interact dissipatively with
the environment. Measurements of vortex dynamics in superfluid helium are important because, unlike
in most BECs of dilute gases and exciton-polariton condensates where atom-atom interactions are
weak, helium atoms exhibit strong atom-atom interactions and dynamics of superfluid helium cannot
be well approximated by the Gross-Pitaevskii-ansatz, and are not fully understood [8].
In seminal works by Ellis et al. [26, 27, 58], the interaction of a large number of vortices with
third-sound modes on a centimeter-scale circular resonator was observed experimenally. Moreover,
this interaction was modelled assuming centered vortex distributions [27, 58, 59]. However, more
precise tracking and observation of vortex dynamics was hindered by both the experimental capacity
to resolve the effects of smaller vortex numbers and by the ability to quantify the interaction of sound
modes with individual vortices arbitrarily located on a circular resonator.
Here, we propose an experiment where discrete steps in sound modes frequency splittings due to
an increase/decrease of a number of circulation quanta could be observed for the case of superfluid
helium thin films. We propose a structure where pinning of quanta of circulation around an engineered
topological defect leads to experimentally observable quantized steps. Utilising our finite-element
model, we discuss how, in the proposed geometry, the sound-vortex interaction can be maximized, so
that the quantized steps could be clearly resolved. This would enable the first detection of a single
quantum of circulation in two-dimensional superfluid helium.
4.2 Analytical investigation of sound-vortex interactions
The interaction between sound waves and quantized vortices in two-dimensional superfluids can be
studied by considering the kinetic energy landscape of the system with and without vortices. We can
understand this interaction through the change in sound wave kinetic energy induced by an addition
or subtraction of a vortex. The irrotational flow fields of sound modes are orthogonal to vortex flow
fields, which are fully defined by the fluid rotation around the vortex core, Fig. 4.1a (see Eq. 4.29).
Hence, this yields a zero overlap between vortex and sound velocity fields:∫
A
~vv · ~vs dA = 0, (4.1)
where A is the area of the domain where both vortices and sound are confined to, ~vv is the vortex
velocity field and ~vs is the two-dimensional sound velocity distribution. Equation (4.1) indicates that
there is no coupling between the two flow fields. However, the interaction occurs due to the change
in film height (for superfluid helium) or density (for BEC) associated with the sound wave. Locally,
sound and vortex flows add up to change the kinetic energy of the fluid. This is illustrated in Fig. 4.1b,
where a density/height increase on one side of the vortex causes a kinetic energy imbalance. Namely,
CHAPTER 4. THEORETICAL INVESTIGATION OF VORTEX-SOUND INTERACTIONS IN
TWO-DIMENSIONAL SUPERFLUIDS 63
cb
ρ
CW CCW
a
CCW CCW
Figure 4.1: (a) Streamlines of a point vortex (red dot) in a two-dimensional domain. The circulation of the vortex
flow field is equal to the circulation quantum κ in any loop encompassing the core and is zero elsewhere. (b)
Illustration of the coupling between vortex- (red) and third-sound mode (black) flow fields. The red spiral in the
middle represents the vortex. Destructive interference on the left from the vortex and constructive interference
on its right, in the presence of a mode-induced superfluid film height gradient, causes an interaction between
the vortex and third sound (see text for more details). The vertical axis can refer to density in a Bose-Einstein
condensate or the film height in a superfluid helium thin film. (c) Perturbation to clockwise (CW, black) and
counter-clockwise (CCW, black) third-sound modes caused by the presence of a vortex with a given direction of
circulation (counter-clockwise, red). The sound mode co-rotating with the vortex flow field (CCW mode) gains
energy, whereas CW sound mode loses energy.
the increased kinetic energy due to sound and vortex velocities addition on the right side of the vortex
is not fully compensated by the reduction in kinetic energy due to velocity subtraction on the left,
resulting in a net increase in kinetic energy due to the sound-vortex interaction.
Here we analytically investigate the sound-vortex interaction and derive the frequency splitting
experienced by a third-sound mode in the presence of a single quantized vortex. In order to compute
the splitting, we consider the flow field of a single vortex as a perturbation to the third-sound mode
confined within a circular resonator. We would also like to point out that even though in the following,
for simplicity, we develop an analytical framework for thin films of superfluid helium (i.e. third-
sound waves), the analysis can also be applied to Bose-Einstein condensates with a straightforward
replacement of variables (see Appendix A.1).
Third-sound modes are solutions of the wave equation and on a circular resonator are characterized
by Bessel modes of the first kind (see § 1.10). Modes are fully quantified by their azimuthal (m ≥ 0)
and radial (n ≥ 1) orders, which define the node counts along the circumference and radius respectively.
Modes with m 6= 0 can be represented in a basis of two travelling modes rotating in opposite directions:
clockwise (CW) and counter-clockwise (CCW). The complex surface displacement amplitudes η for
travelling CW and CCW third-sound waves (or alternatively the sound-induced density fluctuations for
a Bose-Einstein condensate) in a circular domain are given by [3]
η (r, θ, t) = η0 Jm
(
ξm,n
r
R
)
ei(mθ±Ω t) , (4.2)
where η0 is the wave amplitude, Jm is the Bessel function of the first kind of order m, and m and n
are respectively the azimuthal and radial mode orders; ξm,n is a frequency parameter depending on
the mode order and the boundary conditions [3]. Here ‘+’ and ‘-’ signs respectively correspond to the
CW and CCW travelling waves. In the absence of any external perturbations and in a perfect circular
domain with no geometrical defects, CW and CCW modes are degenerate. The presence of a vortex,
placed in the same circular domain, manifests as a perturbation to the CW and CCW degenerate modes.
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Therefore, the presence of a vortex lifts the degeneracy (Fig. 4.1c). Without loss of generality, here we
assume a vortex with a counter-clockwise (CCW) direction of circulation. Thus, the CW third-sound
mode, travelling in the opposite direction relative to the vortex flow field, loses energy and is frequency
down-shifted (Fig. 4.1c(left)). Whereas the CCW sound mode, co-rotating with the vortex flow, gains
kinetic energy and is frequency up-shifted (Fig. 4.1c(right)). This frequency splitting ∆f between CW
and CCW third-sound modes is experimentally resolved if it is greater than the decay rate Γ of the
sound mode (see Fig. 4.4b).
In order to compute the vortex-induced third-sound mode splitting, we first have to quantify both
vortex and third-sound flow fields, which are elaborated below.
4.2.1 Point vortex flow field ~vv
To compute a point vortex flow field ~vv, we utilise the potential flow theory. In a fluid, trajectories of
the constituent particles in a steady flow are indicated by streamlines, which are tangential to the fluid
velocity vector everywhere within the fluid. This means that the fluid flow never intersects a streamline.
For irrotational, i.e. potential, and incompressible two-dimensional flows, the streamfunction is a
scalar quantity which is constant along the streamlines and varies with displacements away from
the streamlines. The flow velocity components are expressed as partial spatial derivatives of the
streamfunction, which makes the latter a very useful quantity for computing the vortex flow field.
The streamfunction Ψ of a point vortex with circulation κ in a two-dimensional plane is given by
Ψ = − κ
2pi
ln (r). Our goal is to compute a point vortex flow field within a circular domain, which is a
well-known problem [227]. The streamfunction Ψ for such configuration in Cartesian coordinates is
given by:
Ψ = − κ
2pi
(
ln
(√
(x−X1)2 + y2
)
− ln
(√
(x−X2)2 + y2
))
. (4.3)
The first term represents the streamfunction of a point vortex inside a circular domain, radially offset
by X1 from the disk origin along x axis. The second term stands for the streamfunction of the opposite
circulation image-vortex. The inclusion of the image-vortex streamfunction is required to enforce the
no-flow across the domain boundary [227]. X2 = R
2
X1
is the radial coordinate of the image vortex.
The streamfunction Ψ now allows us to compute the vortex velocity components:
vvx =
∂Ψ
∂y
and vvy = −∂Ψ
∂x
. (4.4)
Using equations (4.4), in Fig. 4.2(a) we plot the flow streamlines of a point vortex offset by R/2 from
the disk origin inside a circular resonator of radius R.
4.2.2 Third-sound flow field ~v3
The third-sound surface displacement amplitude η is given by the Eq. (4.2). And the modes velocity
profiles ~v3 are obtained as
~v3 = ± i c
2
3
Ωh0
~∇η, (4.5)
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Figure 4.2: (a) Vortex flow field ~vv (~r) streamlines for a clockwise (CW) vortex (green dot) offset from the disk
origin (red dot) by R/2 in a circular domain of radius R. (b) Black arrows indicate the instantaneous velocity
field Re (~v3) of a clockwise-rotating third-sound Bessel mode (m = 1; n = 2) with free boundary condition.
The surface color-code represents the associated surface displacement profile Re (η) of this third-sound mode
(color code: red – positive, blue – negative). Clockwise rotation of the mode can be seen by noticing that
fluid starting to accumulate ahead of the red crest, where ~∇ · ~v3 < 0, and emptying ahead of the blue trough,
where ~∇ · ~v3 > 0. The velocity field is positive under the crests, negative under the troughs, and irrotational,
i.e.
∮
~v3 · ~dl = 0 for all contours inside the superfluid . (c) Vector field of ~v3 (~r)× η (~r). Combining velocity
fields of a vortex (a) and a third-sound mode (b), one can see that
∫∫
~v3 · ~vv = 0 (this can also be seen from a
symmetry argument). However, multiplication by the surface displacement profile Re (η) results in a non-zero
energy shift of the CW/CCW third-sound waves (see Eq. (4.9)).
where, as for the displacement η, signs ‘+’ and ‘-’ respectively stand for CW and CCW travelling
waves. Here, c3 is the phase velocity of third-sound, Ω is its mechanical frequency, and h0 the mean
thickness of the superfluid film. We would like to note that while the displacement of a solid circular
membrane would also be given by Eq. (4.2), its velocity would be different to Eq. (4.5), leading
to significantly different effective mass scalings compared to third sound [3] (see § 2.2.2). As an
example, the surface displacement profile Re (η) and instantaneous velocity field Re (~v3) of a CW
(m = 1, n = 2) third-sound mode with free boundary conditions are plotted in Fig. 4.2b.
While the flow of the third-sound mode illustrated in Fig. 4.2b is irrotational and, hence, not
associated with any in-plane circulation (
∮
~v · ~dl = 0 for any closed loop inside the superfluid), it is
associated with a net mass flow (for the CW travelling mode, there is more fluid moving clockwise
under the wave crest (red) than counter-clockwise under the trough (blue), and similarly there is net
CCW fluid motion for the CCW mode) (Fig. 4.2). It is this net mass flow which couples to the vortex
field, resulting in a higher kinetic energy for the sound mode travelling in the same direction as the
vortex flow.
Having quantified the vortex and third-sound flow fields, we are now set to compute the vortex-
induced third-sound mode frequency splitting.
4.2.3 Analytical derivation of the vortex-induced sound-mode splitting
Here we analytically investigate how the vortex flow field modifies the kinetic energy landscape of
the sound mode. We note that in this work we describe the quasi-static regime where the motion of
vortices during a sound oscillation period is negligible. To verify the validity of this approximation, we
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estimate the orbit period T for a single vortex within a circular resonator of radius R, offset from the
disk center by a distance x. This period T is given by T = 4pi
2
κ
(R2 − x2). For instance, for resonator
with R ' 10−5 m, this corresponds to typical Hz vortex orbit frequencies compared to typical 105 Hz
third-sound frequencies [1]. The quasi-static regime applies in the limit of pinned vortices [20, 27, 59]
or low vortex densities, where the velocity of the flow field generated by neighbouring and image
vortices is significantly smaller than the speed of sound. And for the case of BECs the quasi-static
approximation is valid if the vortex orbit period is substantially longer than the period of collective
atomic oscillations.
Fluid flow kinetic energy within a cylindrically symmetric domain is given by
E =
1
2
∫
ρ~v 2 (~r) d3 (~r) , (4.6)
where ρ is the fluid density and ~v its velocity.
We use this expression to compute the kinetic energy difference ∆E (t) between a sound wave
travelling along the flow of a quantized vortex and a sound wave travelling against the vortex flow:
∆E (t) =
1
2
ρ
∫ 2pi
θ=0
∫ R
r=0
∫ h0+η(r, θ, t)
z=0
(||~v3 (~r, t) + ~vv (~r)||2 − ||~v3 (~r, t)− ~vv (~r)||2) r dr dθ dz.
(4.7)
This general expression works for any sound mode and any vortex position in a circular domain. We
then make a reasonable assumption that ~v3 and ~vv are independent of z, as the inviscid nature of the
superfluid precludes any in-plane vorticity and does not require cancellation of the horizontal velocity
at z = 0 (no-slip boundary). Given that in the absence of the vortex flow field the basis sound modes
(Eq. (4.2)) are degenerate and, thus, magnitudes of their velocity fields are equal, Eq. (4.7) becomes:
∆E (t) = 2ρ
∫ 2pi
θ=0
∫ R
r=0
~v3 (r, θ, t) · ~vv (r, θ) (h0 + η (r, θ, t)) r dr dθ. (4.8)
We now notice that v3x and vvx as well v3y and vvy are functions of θ of different parity (see
Fig. 4.2), i.e. v3x is an even function of angle θ while vvx is odd, and v3y is odd while vvy is even. This
implies that
∫∫
~v3 · ~vv = 0, and Eq. (4.8) takes the following shape:
∆E (t) = 2ρ
∫ 2pi
θ=0
∫ R
r=0
~v3 (r, θ, t) · ~vv (r, θ) η (r, θ, t) r dr dθ. (4.9)
This can be understood as a form of surface-averaged planar Doppler shift, weighted by the displace-
ment amplitude η of the sound mode.
Given that the sound mode velocity field ~v3 is a function of time, we next consider the time-averaged
energy difference 〈∆E〉, averaged over a sound oscillation period T:
〈∆E〉 = 1
T
∫ T
0
∆E (t) dt = 2 ρ
∫
r
∫
θ
r dr dθ
(
vv r
1
T
∫ T
0
v3 r η dt
)
+
(
vv θ
1
T
∫ T
0
v3 θ η dt
)
,
(4.10)
where ~v3 and ~vv are expressed in terms of their radial and angular components, i.e. v3 r and v3 θ, and
vv r and vv θ respectively. Third-sound mode radial and angular velocity components in cylindrical
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coordinates are given by
v3 r = i η0
c23R
ξm,n h0
∂
∂r
Jm
(
ξm,n
r
R
)
ei(mθ±Ω t), (4.11)
v3 θ = η0
c23R
ξm,n h0
m
r
Jm
(
ξm,n
r
R
)
ei(mθ±Ω t). (4.12)
As can be seen from Eqs. (4.11) & (4.12) and (4.2), v3 r and η are out-of-phase, while v3 θ and η are in
phase. This implies that the first integral over time in Eq. (4.10) reduces to zero, whereas the second
one, after taking real parts of complex exponentials, integrates to 1
2
|v3 θ| |η|. Taking into account the
results of the integration over time, from (4.10) we obtain the following expression:
〈∆E〉 = ρm c
2
3
Ωh0
∫ R
r=0
r dr η20
J2m
(
ξm,n
r
R
)
r
∫ 2pi
θ=0
vv θ dθ. (4.13)
Next, taking the stationary part of the surface displacement η (r) = η0 Jm
(
ξm,n
r
R
)
, we rewrite (4.13)
as
〈∆E〉 = ρm c
2
3
Ωh0
∫ R
r=0
dr
r
η2 (r)
∫ 2pi
θ=0
vv θ r dθ. (4.14)
Note that we moved r in (4.14) from the integral over r to the integral over θ. We now notice that
the latter corresponds to a closed contour integral
∮
~vv · d~l, where the contour is a circle of radius r
centered at the origin. We know that this closed contour integral defines the quantized vortex circulation
around a loop encompassing the vortex core (Eq. (4.28)) and is equal to zero if the integration loop
does not enclose the vortex core, and κ if it does. The transition between these two values of integration
occurs for r = offset, the radial offset of the point vortex from the origin. Therefore, we can rewrite
Eq. (4.14) with a modified radial integration lower bound:
〈∆E〉 = ρm c
2
3 κ
Ωh0
∫ R
r=offset
dr
r
η2 (r) . (4.15)
Next, in order to link the kinetic energy difference (4.15) with the vortex-induced third-sound
mode splitting, we notice that for a harmonic oscillator its E is proportional to Ω2. Hence, ∆E
E
= 2∆Ω
Ω
,
and from here the splitting ∆f (in Hz) equals
∆f =
Ω
4pi
∆E
E
. (4.16)
For rotationally noninvariant sound modes, i.e. modes with azimuthal order m > 0, the kinetic energy
E is given by
E =
1
2
∫
ρ~v 2 (~r) d3 (~r) =
pi ρ c23
2h0
∫ R
0
η2 (r) r dr. (4.17)
Combining Eqs. (4.15) and (4.17), we arrive to the formula for the vortex-induced third-sound
modes frequency splitting:
∆f =
κm
2pi2
∫ R
offset
dr
r
η2 (r)∫ R
0
dr r η2 (r)
. (4.18)
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The obtained splitting applies to both superfluid helium thin films and Bose-Einstein condensates,
with η being the film thickness perturbation for superfluid helium and density perturbation for BECs,
respectively. We note that the splitting (4.18) does not depend on the superfluid parameters, such
as film thickness or density, and that it is linear in vortex flow field (see Eq. (4.8)), such that the
splitting obeys the superposition principle, whereby the splitting due to an ensemble of vortices is
equal to the sum of the splittings induced by each individual vortex separately (∆ftotal =
∑
i ∆fi).
The result (4.18) can be interpreted such that the frequency splitting induced by a vortex offset from
the disk origin by rv is equal to the interaction energy between a vortex right at the disk origin (rv = 0)
and a third-sound wave in the area of the disk with radius beyond rv.
Note that Eq. (4.18) does not diverge as the vortex offset tends to 0, as η (0) = 0 for all rotationally
noninvariant (m > 0) Bessel modes. Remarkably, due to the contour-integral identity used in Eq. (4.14),
the final result (4.18) does not require any knowledge of the vortex flow field ~vv and depends only on
the profile of the sound Bessel mode and the radial position of the vortex.
4.3 Finite-element modelling of sound-vortex interactions
The interaction between persistent currents and sound modes has been analytically investigated and
quantified for vortex distributions centered in circular domains, such as disk-shaped resonators [27,228],
in thin films of superfluid helium and for centered vortices in BECs confined in traps of various
shapes [229, 230]. However, to date there has been no consistent approach to modelling a non-trivial
vortex distribution in a non-trivial resonator shape, or for non-simply connected domains. Our approach
to this modelling is to map the problem onto other areas of physics, namely map dynamics of superfluid
sound modes onto hydrodynamics of an ideal gas and map vortex dynamics onto electrostatics. Using
this method, we show how the interaction of an arbitrarily distributed ensemble of vortices with sound
modes in any two-dimensional domain, perhaps multiply-connected, can be accurately modelled using
the FEM-solver COMSOL R© Multiphysics 5.0.
In the following, we first introduce the aforementioned mapping of superfluid dynamics and vortex
dynamics, and then present the results of FEM simulations of sound-vortex interactions. We also
compare the FEM-results with the results of the analytical approach described earlier in this chapter.
Tables, demonstrating the full mapping between quantities of superfluid dynamics, electrostatics, and
acoustics of an ideal gas, can be found in Appendix A.1.
4.3.1 Third-sound/acoustics correspondence
In § 1.10 we provided the equations of motion describing the dynamics of third-sound waves
(Eqs. (4.19) & (1.20)). Here we generalize those equations, so that they now can describe not only
film deflections for third-sound waves but also density perturbations for Bose-Einstein condensates.
In this case, equations describing superfluid hydrodynamics take the following form. The continuity
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equation, which derives from the mass conservation, reads [27]
dρ
dt
= −~∇ · (ρ~v). (4.19)
And the Euler equation, which derives from momentum conservation, is given by
d~v
dt
+ (~v · ~∇)~v = −g~∇ρ+ C. (4.20)
In the above equations, in the case of thin films of superfluid helium, ~v is the superfluid flow velocity,
ρ→ h is the film height, g = 3αvdw
h4
is the linearized van der Waals acceleration [8,99], and C = 0. The
hydrodynamics of Bose-Einstein condensates in the Thomas-Fermi limit at zero temperature [231,232]
can also be described by Eqs. (4.19) & (4.20) with ~v again being the flow velocity, ρ the BEC density,
g → gBEC/m2 the coupling strength, where m is the mass of an individual atom contributing to the
condensate, and gBEC is the atom-atom coupling. C = −~∇U/m describes the trapping, where U is
the extended potential [231] (see table A.1 in Appendix A.1).
With an assumption of small density perturbations (BEC) or film height deflections (helium), η,
from an equilibrium density/film height ρ0, such as ρ(~r, t) = ρ0+η(~r, t) with η  ρ0, Eqs. (4.19) & (4.20)
can be rewritten as
η˙ = −ρ0~∇ · ~v − ~v ~∇η, (4.21)
and
~˙v + (~v · ~∇)~v = −g~∇η + C. (4.22)
Next, we look at the equations of motion describing fluid dynamics of an ideal gas. The mass
conservation equation is given by
dρ
dt
= −~∇ · (ρ ~u), (4.23)
and the equation for the momentum conservation reads [233]
d~u
dt
+ (~u · ~∇)~u = −1
ρ
~∇p. (4.24)
In the above equations, ~u(~r, t) is the flow velocity, ρ is the gas density and p is the gas pressure.
Condition of isentropic flow, i.e. when gas is in thermal equilibrium at all times, for an ideal gas entails
the following [233]:
p = γRTρ and c2 = γRT. (4.25)
Here, R is the specific gas constant, T is the gas temperature and c is the speed of sound. Next, we
insert Eq. (4.25) in Eq. (4.24) and, in analogy with the superfluid dynamics equations, linearize for
small density fluctuations, i.e. for ρ(~r) = ρ0 + α(~r) with α ρ0:
α˙ = −ρ0~∇ · ~u− ~u ~∇α (4.26)
and
~˙u+ (~u · ~∇) ~u = −γRT
ρ0
~∇α. (4.27)
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Replacing α → η, ~u → ~v and g → c2 = γRT/ρ0, we end up with exactly same equations as
(4.21) and (4.22), which describe superfluid dynamics in the limit of small amplitudes.
This allows us to model Eqs. (4.21) and (4.22) in COMSOL R©. To do this, we utilize Aeroacoustics
→ Linearized Euler, Frequency Domain(lef) module, where appropriate boundary conditions are
used (see 4.3.3). This provides us with a tool to determine sound eigenmodes within any arbitrarily-
shaped bounded domain. Figure 4.3a shows examples of sound eigenmodes confined to circular and
arbitrarily-shaped domains, with free (‘Neumann’) boundary conditions [5].
In this work, we study sound-vortex interactions in two-dimensional domains, as this reproduces
experimental conditions described in chapter 5 of this thesis, as well as those in Refs. [27,36]. However,
the presented FEM model can also be extended to three dimensions. The advantage of our FEM
method is that it allows to implement a background flow field, which corresponds to the flow generated
by an ensemble of vortices, and find the new sound eigenmodes in the presence of that background
flow.
4.3.2 Vortex/electrostatics correspondence
As described in § 1.7, a single vortex is characterized by a quantized circulation around a loop enclosing
the vortex core [234, 235]: ∮
~vv · d~l = κ, (4.28)
where κ = h/mHe is the quantum of circulation, mHe is the mass of a helium atom, and ~vv stands for
the velocity field of the vortex flow. For a point vortex on a plane
~vv(r) =
κ
2pir
eˆθ, (4.29)
where eˆθ is the tangential unit vector and r is the distance from the vortex core.
In order to map the vortex flow field onto electrostatics, we utilise the Gauss’s law, which in two
dimensions reads ∮
~D · d~n = Q, (4.30)
Here, ~D is the field of electric displacement and Q is the line charge. We next perform a rotation of
the electric displacement field and replace it with the vortex flow field ~vv:(
Dx
Dy
)
→
(
vv y
−vv x
)
. (4.31)
By substituting Q→ κ, we arrive at the vortex flow field quantized circulation defined in Eq. (4.28),
where ~vv = vv x eˆx + vv y eˆy. This manifests the mapping between vortex flow and electrostatics [234].
In the latter, a point charge is a source of divergence of the field of electric displacement ~D. Upon the
transformation given by (4.31), a point charge becomes a source of quantized circulation. Namely, the
potential lines of ~D become streamlines of ~vv, and the streamlines of ~D become potential lines of ~vv,
as shown in Fig. 4.3b.
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Figure 4.3: (a) Finite Element Method (FEM) simulation of third-sound eigenmodes existing within a circular
(left) and an arbitrarily-shaped (right) domain, with free boundary condition. Left: Bessel (m=1; n=2) mode.
Right: lowest-frequency eigenmode of the geometry. Colour code indicates the magnitude of the displacement.
(b) FEM modelling of the flow field generated by point vortices within bounded geometries shown in (a). Left:
flow field of a clockwise (CW) point vortex displaced from the origin in a circular geometry (see § 4.2.1). Right:
flow field generated by two CW and one counter-clockwise (CCW) point vortices within an arbitrarily-shaped
domain. Surface colour-code and red arrows represent the vortex flow velocity (in log scale). White lines
indicate the streamlines of the unrotated electric displacement field ~D, which are potential lines for the superfluid
flow (see the electric-to-superfluid correspondence in Eq. (4.31)). (c) New ‘perturbed’ (m=1; n=2) third-sound
eigenmode in the circular domain in the presence of the background flow generated by a large number of
off-centered vortices.
In order to model these equations, we utilise Electrostatics(es) module of COMSOL R©. This allows
us to determine the vortex flow field on any arbitrary two-dimensional geometry. Figure 4.3b shows
examples of vortex flow fields within a circular and an irregular geometries. Presence of vortices
may significantly modify shapes of sound eigenmodes (Fig. 4.3c). The strength of the perturbation to
sound modes depends on the number of vortices, their positions, and the resonator geometry. This
method also allows us to model quantized circulation around a macroscopic topological defect in a
multiply-connected domain, as described in § 4.4.
4.3.3 Boundary conditions
In order to solve differential equations of motion defining dynamics of superfluid sound waves,
appropriate conditions have to be applied to the boundary of the domain which superfluid waves are
confined to. We have already described these conditions in details in § 1.10.2. In brief, two most
common types of boundary conditions are distinguished as fixed (‘Dirichlet’) and free (‘Neumann’).
Here we describe how these boundary conditions are implemented in our FEM method in order to
model superfluid dynamics.
In COMSOL R©, in order to find superfluid sound eigenmodes by solving an equivalent problem for
an ideal gas, the free boundary condition is defined as a rigid wall, where volume is conserved and the
gas pressure can oscillate freely at the boundary, whereas the fixed boundary condition corresponds to
fixed pressure, where the gas pressure is fixed at the boundary and the gas can freely flow in and out of
the domain [236].
Next, in order to choose an appropriate boundary condition for the vortex flow field, we note that
the vortex flow is tangential to the boundary of the domain, ~vv · ~n = 0. After mapping the problem
onto electrostatics, the vortex flow translates to electric field which is exactly perpendicular to the
boundary, with no tangential component. To satisfy this condition, a perfect electric conductor should
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be chosen at the boundary. This can be realized by choosing the ground - boundary condition in
COMSOL R© [237]. Furthermore, the most appropriate boundary condition for modelling quantized
circulation n × κ around an engineered topological defect in a resonator is the floating potential
condition with a built-in charge of Q = n× κ. This boundary condition ensures that the electric field
is everywhere orthogonal to the boundary (due to the equal potential on the boundary) and satisfies the
condition ∮
~D · ~n dl = Q. (4.32)
By incorporating transformation (4.31) into (4.32), one can notice that this enforces superfluid flow to
be always parallel to the boundary of the topological defect (i.e. no fluid inflow or outflow), and the
quantized circulation condition is given by∮
~v · d~l = nκ. (4.33)
4.3.4 Sound-vortex interactions in a circular domain
We apply our FEM method to study sound-vortex interactions in a circular domain. Namely, we
investigate the experimentally relevant example of the interaction of a single quantized vortex with
third-sound modes in a disk-shaped resonator with free (‘Neumann’) boundary condition for superfluid
waves. This analysis is applicable to the geometries used in our experiments with a microtoroidal
optomechanical resonator of R ∼ 30 µm radius coated with thin film of superfluid helium [1, 2] (see
Fig. 4.4a and chapter 5 for experimental details). This study is also relevant for the experiments from
Refs. [20, 26, 27, 105], as well as for the experiments with two-dimensional Bose-Einstein condensates
confined by a hard-walled trap [36].
The mechanism of sound-vortex coupling is elaborated in § 4.2 (also see Fig. 4.4b). Here we
investigate how the coupling is affected when the vortex position on a circular resonator is varied. As
the radial offset rv of the vortex from the disk center increases, the splitting reduces, as can be seen in
Fig. 4.4d. Firstly, this is a consequence of the lower total kinetic energy of the vortex flow as the vortex
core approaches the boundary. The closer the vortex nears the disk boundary, the more of its flow
field is clipped, resulting in a lower total kinetic energy of the flow. Secondly, given the vortex flow
velocity distribution, the highest kinetic energy of the vortex flow is concentrated around the vortex
core. Thus, symmetry dictates that the overlap – and hence sound frequency splitting – between vortex
and sound flow fields is maximized for a vortex at the disk centre (rv = 0). As an example, frequency
shifts of the free-boundary-condition CW and CCW (m = 1, n = 8) sound Bessel modes are plotted
as a function of the vortex radial offset rv in Fig. 4.4c, while the splitting dependence of this and a
few other third-sound modes on rv is shown in Fig. 4.4d. As can be seen from this figure, modes with
different azimuthal number m experience substantially different dependence of their splittings on rv.
And Eq. (4.18) contains an explanation for this difference. As discussed at the end of § 4.2.3, only
that fraction of the sound wave that is confined beyond the vortex radial position rv contributes to the
splitting (an illustration of this is in the inset in Fig. 4.4e). And since most of the kinetic energy of
the modes with (low m, high n) order is located close to the center of the disk, splitting per vortex
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Figure 4.4: (a) Illustration of a microtoroidal resonator of radius R = 30 µm coated with thin film of superfluid
helium, with one quantized vortex offset from the disk origin by rv. The red dot indicates the vortex core. (b)
Schematic representation of a vortex-induced third-sound mode splitting. Mode depicted by the dashed line
is a degenerate third-sound mode in the vortex absence. Blue and red curves respectively represent frequency
up-shifted and down-shifted modes in the presence of a vortex which lifts the degeneracy (see Fig. 4.1b).
Splitting ∆f is proportional to the number of vortices present in the system and depends on a spatial position
of the vortex on a disk (see (a)). Γ indicates modes linewidth. (c) Frequency of the co- and counter-rotating
(m = 1, n = 8) -Bessel mode, with one quantized vortex present on the resonator, as a function of the vortex
offset rv from the disk origin. The frequency up-shifted (down-shifted) mode is shown in blue (red) and
corresponds to the right (left) peak in (b). (d) Frequency splitting dependence of (1,3), (1,5), (1,8), and (5,4)
third-sound modes on the radial offset of the vortex from the disk origin. Spatial profiles of the modes are shown
as insets. (e) Displacement amplitudes of modes shown in (d) as a function of radius. Inset: annular region cut
out by a circle – with its radius defined by the vortex position rv – whose interaction with the vortex accounts
for the majority of the splitting (see text). All plots use free boundary condition for the modes; each dot in (c),
(d) and (e) represents a result of the FEM-simulation.
experienced by these modes decays rapidly with rv (modes (1, 3), (1, 5), (1, 8) in Fig. 4.4d). While
modes with (high m, low n) order have more radially extended kinetic energy distribution and, thus,
sustain significant splitting at higher radii (mode (5, 4) in Fig. 4.4d). Each point in Figs. 4.4c & 4.4d
corresponds to one result of the FEM simulation, as the vortex is stepped outwards from the disk center.
As the vortex reaches the boundary of the domain, the splitting vanishes.
As we have now established how to compute the vortex-induced third-sound modes splitting with
both analytical analysis and FEM method, we are in position to compare the results of these two
approaches. We find that the two methods agree within 10% of the maximal splitting at zero radial
offset of the vortex from the disk origin (rv = 0). The remaining difference is plotted in Fig. 4.5.
We attribute this difference to an alteration of the third-sound mode shape induced by the nonlinear
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Figure 4.5: Comparison between third-sound modes splittings per vortex obtained with the FEM method and
the analytical perturbative approach (Eq.((4.18))) for four different Bessel modes labelled by their (m,n) order.
The results show a good agreement (without any scaling parameter) between both methods within 10% of the
maximal splitting at zero vortex radial offset (rv = 0). The plots are obtained for the resonator with radius
R = 30 µm, and with fixed boundary condition for the third-sound modes. Note, that some small quantitative
discrepancies between results obtained with both methods still remain. For example, from Eq. (4.18), the
analytical splitting has to be a monotonically decreasing function of the vortex radial offset, while the FEM
solution features some regions of increased splitting with radial offset. We attribute these discrepancies to
vortex-induced changes in third-sound eigenmode shapes (see Fig. 4.3(c)), which are not accounted for in the
perturbative analytical approach.
convective (~v · ~∇)~v term in Eq. (4.22):
(~v · ~∇)~v = (~vv · ~∇)~vv + (~vs · ~∇)~vs + (~vv · ~∇)~vs + (~vs · ~∇)~vv. (4.34)
The analytical perturbation approach neglects all of the above terms. Whereas the FEM model neglects
only (~vs · ~∇)~vs, which is a requirement to obtain sound eigenmodes. The latter approximation is valid
in the quasi-static limit, where the third-sound flow velocity is small compared to the vortex flow
velocity.
As we mentioned in § 4.2.3, the total splitting is subject to linear superposition of splittings, i.e. the
total splitting is obtained by summing splittings induced by individual vortices separately. Here we
verify this superposition with the FEM simulations, where linearity is generally maintained up to large
vortex charges on the order of ∼ 102 κ, as shown in Fig. 4.6a.
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Figure 4.6: (a) FEM computation of the (m = 3, n = 1) third-sound Bessel mode frequency splitting induced
by a vortex centered at the disk origin, whose charge is increased from κ to > 200κ. The splitting displays
linearity over the entire range of the vortex charge. (b) Resonator-size dependence of splitting per centered
vortex for the (m = 1, n = 2) third-sound Bessel mode with free boundary condition. Experimental devices
shown in red [105] and orange [26] correspond to cm-scale capacitively detected third-sound waves. Blue dot
corresponds to the optical whispering-gallery-mode (WGM) microtoroid resonator [1]. Black dot shows two
additional orders of magnitude improvement over current state-of-the-art that can be achieved by going towards
micron-radius WGM resonators [133, 238].
4.4 Proposed experimental scheme for detection of single quanta
of circulation in two-dimensional superfluid helium
Quantized vortices and their interactions with other superfluid elementary excitations determine
dynamics of superfluids. Remarkably, while quantized vortices are crucial to our understanding of
superfluidity in two-dimensions, they have never been directly observed in two-dimensional superfluid
helium. Physical parameters and properties of thin superfluid helium films present a significant
challenge to detecting single quanta of circulation in this quantum fluid. Here are a few of the main
challenges. First, the normal-fluid core of a vortex in superfluid helium-4 is roughly one Angstro¨m
in diameter [8]. Second, a typical thickness of a superfluid helium film is less than 20 nm, and
the refractive index of liquid helium is close to that of vacuum (nHe ≈ 1.029). Combined, these
characteristics preclude direct optical imaging, as can be performed in Bose-Einstein condensates [35,
225]. In bulk superfluid helium, many imaging techniques have utilised various kinds of tracer
particles [23, 24, 239], such as micrometer-sized frozen hydrogen crystals or electron bubbles. The
tracer particles scatter light and are pulled in to the vortex core, enabling, for instance, the recent
observation of Kelvin waves [24] in bulk helium. Naturally, such an approach is significantly more
difficult in two-dimensional films due to their few-nanometre thickness.
Here we study the requirements for observing single quantized vortices in two-dimensional
superfluid helium and propose an experimental scheme for the detection of single quanta of circulation.
The quantization of circulation can be observed via the shift in third-sound frequencies induced by an
addition/subtraction of a single vortex.
There are a few challenges that must be addressed in order for the vortex-induced frequency
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splitting ∆f (Eq. (4.18)) experienced by a third-sound wave [26, 27] to reveal quantized steps. First,
in order to be resolvable, the vortex-induced splitting must be greater than the linewidth of the third-
sound resonances, i.e. ∆f & Γ, as shown in Fig. 4.4b. However, we note that this is not a strict
condition. Using certain techniques, the splitting could be resolved even if ∆f < Γ. Second, any
motion of vortices on the confining surface of the resonator will lead to a continuous evolution of
the splitting due to the continuous nature of the splitting function ∆f(rv) (see Fig. 4.4d). Hence, the
vortex motion would mask the quantization of circulation and preclude the observation of discrete
steps in the vortex-induced splitting. Third, vortex nucleation or annihilation events at different radial
coordinates on the disk surface may result in unequal step sizes, making it difficult to interpret the
observed splitting.
The first challenge can be addressed by designing resonators that are sufficiently small, and by
controlling dissipation mechanisms in these devices. This can be achieved, for example, by engineering
a resonator with an atomically smooth surface and that is decoupled from its ambient environment
by a small anchor point [1] which would allow losses to be minimized. Alternatively, an appropriate
engineering of the substrate material [153] would also enable reduced dissipation. In the experimental
work presented in chapter 5 of this thesis the frequency splittings ∆f per vortex are comparable to
linewidths Γ of the observed third-sound resonances [5]. A solution to the second and third challenges is
to spatially constrain the position of the circulation around a macroscopic topological defect engineered
on the surface of the resonator. For example, if we replace the topological defect naturally formed by
the normal fluid core (of radius a0) of a superfluid vortex by a microfabricated hole of radius R a0,
the maximal flow velocity due to the quantized circulation becomes κ
2piR
 κ
2pia0
(see Eq. (4.28)).
This effectively clips the high velocity region of the flow and is thus energetically favourable. The
circulation will then preferentially accumulate around this manufactured defect and can reach large
values in terms of circulation quanta κ = h/mHe, as has been observed in the experiments with bulk
helium, whereby it has been spun up in an annular container [240, 241]. The quantization of the
circulation then manifests as discrete steps in the splitting experienced by third-sound modes confined
to the surface of the resonator.
This approach can be deemed as a two-dimensional analog of Vinen’s experimental technique
which he exploited for the first observation of circulation quanta in bulk helium [22, 242]. In those
experiments circulation locked to a vibrating wire lifted the degeneracy between the wire’s normal
modes of vibration. In Fig. 4.7 we propose a practical realization of such a device which is based on a
circular whispering-gallery-mode geometry, as used in our other works described in chapters 2, 3 & 5
of this thesis and in Refs. [1, 2, 5]. We leverage advantages of the FEM simulation to design a domain
in which splitting ∆f is maximised. Such a device features a single-spoked annular geometry [243]
(Fig. 4.7c).
We calculate the superfluid flow field resulting from quantized circulation about the central
topological defect, as shown in Fig. 4.7c. Without loss of generality, we assume that there are no free
vortex cores elsewhere in the domain and the circulation locked around the defect is the only source
of circulation on the structure. The flow field is calculated through FEM simulation with the use of
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Figure 4.7: Proposed device for detection of a single quanta of circulation. Topological defect is engineered witin
a disk-shaped resonator geometry. (a) Top-view of an annular-shaped resonator where superfluid circulation
accumulates around the central hole [3]. Blue-shaded area represents the disk, while the dashed grey region
depicts the device’s pedestal which the disk rests upon. Red contours Ω1 and Ω2 represent closed loops around
holes in the resonator. (b) Cross-section of the resonator through the dashed green line in (a), showing how
contour Ω1 can be continuously deformed and collapsed, while contour Ω2 cannot. Hence, contour Ω2 encloses a
real topological defect. (c) Single-spoked annular disk geometry [243], in which the central hole is topologically
identical to that enclosed by contour Ω2 in (b).
the ‘floating potential’ boundary condition for the inner boundary, which enforces both the prescribed
circulation strength and parallelism of the flow to the boundary (see § 4.3.3). The results are shown
in Fig. 4.8(a) (left). The superfluid flow is predominantly confined to the outer annulus. Flows up
and down the spoke and inside the central disk are negligible. This can be understood by considering
closed contours 1 and 2 both enclosing the central hole (Fig. 4.8a(right)). The circulation around both
contours must be equal (Eq. (4.28)), which implies that the additional circulation along the extra path
contained in contour 1 is negligible.
Figure 4.8b shows an example of a third-sound mode which can exist on the proposed spoked
resonator. As radius of the central defect asymptotically reduces to zero, the mode in Fig. 4.8b becomes
the (m=1, n=2) Bessel eigenmode of a circular resonator. In the spoked geometry, the presence of the
spoke lifts the degeneracy between the two normal modes. This is a geometrical splitting native to the
structure even in the absence of circulation. This geometrical splitting can be adjusted by engineering
the spoke with required geometrical parameters. The normal mode that has a stronger interaction with
the spoke (bottom in Fig. 4.8b) feels an effectively larger resonator and, thus, has a lower resonance
frequency.
In Fig. 4.8c we demonstrate how this native geometrical splitting [26] impacts the third-sound
mode splitting as a function of the magnitude of circulation pinned around the central defect. Each
black dot in the figure represents a finite-element simulation of the splitting between the high and low
frequency eigenmodes shown in Fig. 4.8b. The splitting is computed as a function of the number of
circulation quanta around the central hole. The total splitting can also be calculated analytically with
an expression of the form [59]
stotal =
√
s2circ + s
2
geo , (4.35)
where sgeo = 700 Hz is the native geometrical splitting for the proposed device (dashed orange line
in Fig. 4.8c), scirc = N × scirc,0 is the total circulation-induced splitting where N is the number of
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Figure 4.8: (a) Left: superfluid flow field resulting from quantized circulation pinned around the central
topological defect (red arrows). No free vortex cores are present in the domain. Colour code represents the
magnitude of the flow velocity (red – fast; blue – slow). Right: contours 1 (blue) and 2 (red) both enclose
the central defect and have therefore identical circulation (Eq. (4.28)). Dimensions of the resonator used for
simulation: outer radius = 20 µm; inner radius = 4 µm; slot width = 2 µm; spoke width = 0.5 µm. (b) Non-
degenerate eigenmodes of the spoked resonator, split by the presence of the spoke, with free boundary conditions
at both boundaries. Colour code represents the magnitude of the surface displacement. (c) Contribution to the
total mode splitting (red curve, see Eq. (4.35)) from geometrical splitting (dashed orange, sgeo = 700 Hz) and
circulation-induced splitting (blue curve, scirc = N × scirc,0 = N × 54 Hz). Splitting is shown as a function
of the number of circulation quanta pinned around the topological defect. (d) Splitting increment per added
quantum of circulation.
circulation quanta and scirc,0 is the splitting per quantum. The solid red line represents stotal, as given
by Eq. (4.35). Figure 4.8d shows the splitting increment, induced by each additional quantum of
circulation, as a function of the number of circulation quanta already present around the defect. This
splitting increment is an experimentally relevant parameter. This demonstrates that the geometrical
splitting induced by the spoke (or any unwanted deviation from circularity) will mask the influence
of the circulation-induced splitting for small values of the circulation quanta, and, hence, reduce the
visibility of the discrete steps. For larger values of the circulation present around the defect, the size
of the steps will asymptote towards the value scirc,0 = 54 Hz. This occurs as the normal mode basis
(see Fig. 4.8b) gradually transitions from orthogonal standing waves to counter-propagating waves.
Figure 4.8d demonstrates that the proposed device would yield quantized steps in the third-sound mode
splitting on the order of 50 Hz, which is within reach of our current experimental resolution [1, 5] (see
chapter 5).
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We also note also that since the strength of the vortex-sound interaction scales inversely with the
vortex-sound confinement area provided by the resonator (see § 4.2, the magnitude of the vortex-indiced
splitting can be greatly enhanced by utilising smaller third-sound resonators. This is demonstrated
in Fig. 4.6b, which shows the splitting per centered vortex on the (m = 1,n = 2) Bessel mode as a
function of the resonator radius. While with the cm-scale capacitively detected third-sound resonators
the splitting is of the order of milli-Hertz [26,105] (red and orange dots in Fig. 4.6), with microtoroidal
resonators [1, 5] (blue dot) it reaches tens to hundreds of Hz. Furthermore, it would reach tens of kHz
with micron-radius resonators [116, 133, 238] (black dot).
4.5 Conclusion
We have developed an analytical framework, using a perturbation theory analysis, to compute the
vortex-sound coupling for arbitrary vortex configurations in two-dimensional films of superfluid helium.
The derived formula gives the vortex-sound interaction rate at the level of a single vortex and does not
require any knowledge of the vortex flow field. The perturbation theory analysis is performed for the
analytically tractable case of a circular resonator geometry.
Furthermore, we have developed finite-element modelling tools to compute the interaction between
any vortex flow and any sound wave in arbitrary, and potentially multiply-connected, two-dimensional
domains. The developed finite-element method is versatile and applicable to both BEC superfluids
and superfluid helium thin films. Versatile numerical techniques are needed for modelling vortex and
sound velocity fields, as well as their interactions. Analytical solutions for the vortex flow field are
only available for the cases when the domain features a high degree of symmetry. However, even if
such solutions exist, any deviations from simple geometries like a disk make the implementation of the
method of images, required for the cancellation of the normal component of the vortex flow on the
resonator boundary [227], increasingly challenging. For multiply-connected domains, solutions often
require an infinite series of images as the domain possesses two or more boundaries, and analytical
solutions only exist for simple limit-cases such as a centered annular domain [241]. In case of nontrivial
geometries one needs to rely on conformal mapping techniques [36,74]. We compare the results of the
developed finite-element method to our analytical framework for the vortex-sound coupling and verify
the validity of our numerical approach.
Understanding the physics of strongly interacting superfluids requires precise knowledge of how
quantized vortices in superfluids and persistent currents couple to sound waves at the level of a single
vortex or circulation quantum. The modelling techniques presented in this work may help shed light
on the validity of phenomenological models such as the point-vortex model [19, 244] in superfluids, as
well as advance our understanding of quantum turbulence [37, 163, 222, 223] and energy dissipation in
superfluids [20, 181, 245].
Chapter 5
Observation of coherent vortex dynamics in
two-dimensional superfluid helium
This chapter is based on the work submitted for publication and is available on the arXiv:
Y. P. Sachkou, C. G. Baker, G. I. Harris, O. R. Stockdale, S. Forstner, M. T. Reeves, X. He,
D. L. McAuslan, A. S. Bradley, M. J. Davis, and W. P. Bowen. Coherent vortex dynamics in a
strongly-interacting superfluid on a silicon chip. arXiv, 1902.04409, 2019.
Two-dimensional superfluidity and quantum turbulence are emergent phenomena native to various
condensed matter systems ranging from ultracold quantum gases to superfluid helium. However, to
date, there is no complete microscopic model for these phenomena in strongly interacting systems.
Therefore, experiments are crucial for understanding of their rich behaviour. Both two-dimensional
superfluidity and quantum turbulence are directly connected to the microscopic dynamics of quantized
vortices. Yet, strong surface effects have prevented direct observations of coherent vortex dynamics in
strongly-interacting two-dimensional systems. In this work we overcome this long-standing challenge
by confining a two-dimensional droplet of superfluid helium to the atomically-smooth surface of
a on-chip optical microcavity. This allows laser-initiation of vortex clusters and nondestructive
observation of their decay in a single shot. The smooth surface of the chip and low superfluid
temperature, comparing to the temperature of the Berezinskii-Kosterlitz-Thouless phase transition,
enable a six orders-of-magnitude reduction in thermal vortex diffusion. Thus, we observe that coherent
vortex dynamics occurs at a rate that is more than five orders of magnitude faster than dissipation.
Our work establishes a new on-chip platform to study emergent phenomena in strongly interacting
superfluids, construct quantum technologies such as precision inertial sensors, and even potentially
test astrophysical dynamics, such as those in the superfluid core of neutron stars, in the laboratory.
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5.1 Introduction
Strongly interacting many-body quantum systems exhibit rich behaviours and play important roles in
various areas of physics ranging from superconductivity [246] to quantum simulation and computa-
tion [247, 248]. They are also of a great significance to such areas as neutron star dynamics [46, 47],
quark-gluon plasmas in the early universe [44], and even string theory [42]. Superfluidity in helium
was the first example of such unusual behaviour of strongly interacting quantum many-body systems.
Remarkably, it was found to persist even in thin two-dimensional films [99], for which the Mermin-
Wagner-Hohenberg theorem precludes condensation into a superfluid phase in the thermodynamic
limit [10]. This apparent contradiction was resolved by Berezinskii, Kosterlitz and Thouless (BKT),
who predicted that quantized vortices allow a topological phase transition into superfluidity [12, 15]. It
is now recognized that quantized vortices also dominate much of the out-of-equilibrium dynamics of
two-dimensional superfluids, such as quantum turbulence [249].
Recently, the demonstration of laser control and imaging of vortices in ultracold gases [226, 250]
and semiconductor exciton-polariton systems [31, 251] has enabled extensive capabilities to study
superfluid dynamics [252] including, for example, the formation of collective vortex dipoles with
negative temperature and large-scale order [36,37] as predicted by Lars Onsager in 1949 [21]. However,
these experiments are generally limited to the regime of weak atom-atom interactions, where the
Gross-Pitaevskii equation provides a microscopic model for the dynamics of the superfluid. Despite
the progress in ultracold gases, where the regime of strong interactions can be reached by tuning
the atomic scattering length, technical challenges have limited investigations of nonequilibrium
phenomena [29, 38]. The strongly interacting regime defies a microscopic theoretical treatment and is
the relevant regime for superfluid helium as well as for astrophysical superfluid phenomena such as
pulsar glitches [253] and superfluidity of the quark-gluon plasma in the early universe [44]. The vortex
dynamics in this regime are typically predicted using phenomenological vortex models. However,
whether the vortices should have inertia [49,52], the precise nature of the forces they experience due to
the normal component of the fluid [53], and how to treat dissipation given the non-local nature of the
vortex flow fields [25, 56] all remain unclear. Moreover, point-vortex modelling offers only a limited
insight into the processes of vortex creation and annihilation, which are crucial for understanding of
the dynamics of topological phase transitions.
This chapter reports the observation of coherent vortex dynamics in a strongly interacting two-
dimensional superfluid. We achieve this by utilizing our microscale photonic platform, outlined in
chapter 2, to initialize vortex clusters in two-dimensional helium-4, confine them, and image their
spatial distribution over time. Our experiments characterize vortex distributions via their interactions
with resonant sound waves, leveraging ultraprecise sensing methods from cavity optomechanics [1,
154, 254–256]. Microscale confinement greatly enhances the vortex-sound interactions, and enables
resolution of the dynamics of few-vortex clusters in a single-shot and tracked over many minutes, as
they interact, dissipate energy and annihilate. We observe evaporative heating where the annihilation of
low-energy vortices causes an increase in the kinetic energy of the remaining free vortices. A striking
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feature of our experiments is that vortex annihilation events draw energy out of a background flow,
causing a net increase in free-vortex kinetic energy as the system evolves.
Our experiments verify a thirty-year-old prediction that the vortex diffusivity should become
exceptionally small when operating at temperatures far below the BKT transition [25], yielding a
diffusivity six orders of magnitude lower than has been observed previously for unpinned vortices in
superfluid helium films [25]. As a consequence, our system operates well within the regime of coherent
vortex dynamics, with the timescale for dissipation found to exceed the coherent evolution time by
more than five orders of magnitude. The on-chip platform reported here provides a new technology to
explore the dynamics of phase transitions and quantum turbulence in strongly interacting superfluids,
and to study how such fluids evolve towards thermal equilibrium and how they dissipate energy. It
may also allow new phenomena to be engineered through strong sound-vortex interactions, as well as
enabling the development of superfluid matter-wave circuitry on a silicon chip.
5.2 Sound-vortex interactions enable vortex dynamics imaging
In order to understand vortex dynamics in two-dimensional strongly interacting superfluids, it is
crucial to be able to detect these dynamics experimentally. For instance, in bulk three-dimensional
helium vortex dynamics have been observed with direct optical imaging techniques [24]. However,
in two-dimensional helium the interaction between light and vortices is extremely weak due to the
few-nanometer film thickness, A˚ngstro¨m scale of vortex cores, and the exceedingly low refractive
index of superfluid helium. This precludes direct optical imaging techniques in two-dimensional
helium, in contrast to the three-dimensional case. Instead, in our experiments the vortex dynamics are
tracked via their influence on sound waves. Vortex-sound interactions are transduced via sound-light
coupling and read out with ultraprecise methods of cavity optomechanics [1]. The vortices and sound
waves co-exist in a thin superfluid helium film. They are geometrically confined on the bottom surface
of a microtoroidal cavity which supports optical whispering gallery modes (WGM) and is held above a
silicon substrate on a pedestal. Figure 5.1 illustrates the interactions between vortices (Fig. 5.1a) and
sound modes (Fig. 5.1b) confined to the surface of a disk. The sound modes are third-sound waves [99]
elaborated in detail in § 1.10 of this thesis. They are well described by resonant Bessel modes of the
first kind, which are characterized by their radial m and azimuthal n mode numbers [3] (see § 5.4.1 for
details).
The vortex flow field causes Doppler shifts of the frequencies of the sound modes, lifting the
degeneracy between clockwise (CW) and counter-clockwise (CCW) waves (Figs. 5.1c&d) in an effect
known as Bryan’s effect [4,27,257]. The magnitude of the frequency shift induced by a vortex depends
both on its position and on the spatial profile of the sound mode, as shown for several modes in
Fig. 5.1d. Moreover, the vortex-sound interaction strength is inversely proportional to the area of the
domain confining vortices and sound waves. Thus, by confining vortices and sound to smaller areas, it
is possible to greatly enhance the vortex-sound coupling and, hence, increase the resolution of vortex
dynamics. The area of microscale confinement provided by the microtoroidal cavity in our experiments
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Figure 5.1: Confinement of both vortices (a) and sound (b) within the same microscale domain enhances the
vortex-sound interaction rate. Vortices and sound couple via their flow fields, as shown in (c). Surface color:
sound mode amplitude profile; blue lines: vortex streamlines. The red dot represents a vortex offset from the disk
origin by distance r. (d) Normalized frequency splitting per vortex for sound modes (m,n) = (1, 3), (1, 5) and
(1, 8) calculated via finite-element modelling [4], with their respective spatial profiles. Splitting is normalized
such that it does not depend on size of the confining domain, i.e. ∆f ×R2 ∼ const. The inset schematically
depicts the vortex-induced splitting ∆f between clockwise and counter-clockwise sound modes in the presence
of a CW vortex.
is four orders of magnitude smaller than in earlier works [26, 27], enabling a four order-of-magnitude
enhancement of vortex-sound interactions, associated frequency splittings, and the vortex resolution
(for detailed discussion of the vortex-sound coupling see chapter 4).
Despite the strong interactions between helium atoms, the phase coherence and incompressibility
of the superfluid combine to ensure linearity in our experiments. As such, the total flow field of a
vortex cluster is given by the linear superposition of the flow of each constituent vortex. The total
splitting between counter-rotating sound modes is then equal to the sum of the splittings generated by
each vortex. We exploit this linearity, combined with the vortex-position dependent interaction and
simultaneous measurements of splitting on several sound modes, to characterize the spatial distribution
of vortex clusters in a manner analogous to experiments that use multiple cantilever eigenmodes to
image the distribution of deposited nanoparticles [258].
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Figure 5.2: (a) Scanning electron microscope image of the microtoroidal optical cavity used in the experiments.
Scale bar: 20 µm. (b) Experimental set-up: balanced homodyne detection scheme implemented within a fibre
interferometer. FBS: fibre beam splitter, PD: photodetector.
5.3 Experimental and data-processing details
5.3.1 Experimental details
Our experimental system consists of a WGM microtoroidal optical cavity (Fig. 5.2a) placed inside a
vacuum- and superfluid-tight sample chamber at the base of a closed-cycle 3He cryostat (Fig. 5.2b).
The sample chamber is filled with 4He gas, with a pressure of P = 70 mTorr at temperature T = 2.9
K. Cooling down across the superfluid phase transition temperature condenses the 4He gas into a
superfluid film of thickness d ∼ 7.5 nm, coating the inside of the chamber including the optical
microcavity [1, 2]. For the 4He gas pressure used in the experiment (70 mTorr) the superfluid phase
transition temperature is around 1 K. The experiment is carried out at T = 500 mK.
The microcavity is fabricated from a wafer made of a 2 µm thick thermal oxide layer grown atop a
silicon substrate (Fig. 5.2a). The high-quality thermally grown oxide ensures that both top and bottom
surfaces of the fabricated resonator have typically < 1 nm RMS roughness [259], leading to reduced
vortex pinning (see § 5.11). The silica microtoroid is elevated from the silicon substrate by a silicon
pedestal (see § 1.9). Light from a NKT Photonics (Koheras Adjustik) fibre laser with wavelength
λ = 1555.065 nm is evanescently coupled into a resonator WGM (linewidth κ/2pi ≈ 22 MHz) via an
optical nanofibre.
Motion of the superfluid film manifests as fluctuations of the phase of light confined inside the
cavity, which are resolved via balanced homodyne detection (New Focus 1817 low-noise photodetector)
implemented within a fibre interferometer (Fig. 5.2b) (see § 2.4.2). The photocurrent is recorded with
an Agilent Technologies MSO7104A oscilloscope with a sampling rate of 2 MHz. Frequency analysis
of the output photocurrent reveals third-sound modes, with resonance frequencies in a good agreement
with the expected Bessel mode frequencies (Fig. 5.8a) (for the details of modes identification see
§ 5.4).
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5.3.2 Frequency splitting data processing
In order to retrieve the frequency splitting evolution data shown in Fig. 5.3c, we record the balanced-
detector photocurrent with an oscilloscope. The acquired data consists of 6 consecutive traces,
separated by short gaps corresponding to the data saving time. Each trace is 50 s long and contains
100 million points (sampling rate 2 MHz). Each 50 s trace is then broken down into 125 bins, each 0.4
s long. We Fourier-transform each bin in order to obtain 6× 125 = 750 third-sound power spectra, as
shown in Fig. 5.3a. We fit each tracked sound mode with a double-peaked Lorentzian function in order
to acquire the frequency separation between the split peaks, see Fig. 5.3c. This allows us to plot the
frequency splitting for the five tracked sound modes as a function of time, with 750 time steps during
the 360 s experimental decay process.
5.3.3 Geometric contribution to sound splitting
Small deviations from circular symmetry of the resonator, for instance formed during the microtoroid
fabrication process, may split degenerate third-sound modes even in the absence of vortices in the
superfluid film. This geometric splitting [4, 26] of the sound modes is analogous to the roughness-
induced optical doublet splitting well known in high-Q optical microcavities [260].
In our experiment, most sound modes exhibit some small (< 1 kHz) degree of geometric splitting.
This splitting is easily distinguishable from the vortex-induced splitting, as it is of smaller magnitude,
constant in time, and can be determined by observing the native splitting present when repeatedly
cycling through the superfluid transition temperature. To account for it, we remove its contribution
to the total splitting ∆ftotal in order to isolate the vortex-induced contribution ∆fvortex using the
following relationship [26]:
∆fvortex =
√
∆f 2total −∆f 2geo (5.1)
Data presented from here onwards corresponds to the vortex-induced splitting solely, with the geometric
splitting contribution removed.
5.4 Third-sound modes identification
Figure 5.3a shows a power spectrum of light transmitted through the optical microcavity, revealing
the presence of multiple superfluid third-sound modes. Correct identification of the sound modes
is important in order to ascertain how each sound mode is differently affected by the presence of
vortices [4]. Since sound modes are confined to the surface of the microtoroidal cavity which rests
upon the pedestal, then, in order to correctly identify the sound modes, we first need to investigate the
influence of the pedestal on frequencies of the sound modes.
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Figure 5.3: (a) Third-sound power spectrum. The five sound modes monitored in the experiments are highlighted
in red. The red bars are positioned at the theoretically predicted sound eigenfrequencies of a 30 µm radius
disk resonator with free boundary conditions and a 7.5 nm film thickness [3], in good agreement with the
experimental frequencies. Note that mode (1,6) is not used in the experiments, as its proximity to another sound
mode precludes reliable peak fitting. (b) Surface deformation profiles of the 6 sound modes labelled in (a). (c)
Example of the mode splitting decay observed in the experiments. The three panels show, from left to right, the
splitting decay of mode (1,7) as the experiment progresses. Red line: double Lorentzian peak-fit to the data.
5.4.1 Influence of the microtoroid pedestal on third-sound modes
Here we consider the influence of the silica microtoroid’s silicon pedestal on the third-sound eigen-
modes on the underside of the toroid, as well as the pedestal’s influence on the splitting experienced
by these sound waves.
Mechanical frequency
Using the Finite-Element Method (FEM) techniques outlined in reference [4], we compare the sound
eigenfrequencies on an annular domain (with free-free boundary conditions at the edge of the disk as
well at the level of the pedestal) to the eigenfrequencies on a simple disk geometry of same outer radius.
The results are summarized in Table 5.1. The effect of the pedestal on the third-sound frequencies is
negligible, typically less than 1%. This is because the presence of the pedestal does not significantly
alter the sound eigenmode shapes, as shown for three different eigenmodes in Fig. 5.4 and discussed
below.
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Mode fdisk (Hz) fannulus (Hz) ∆fdisk (Hz) ∆fannulus (Hz) ferror (%) ∆ferror (%)
(0,1) 57318 57426 - - 0.19 -
(1,6) 269484 267301 193.3 188.3 0.81 2.6
(1,8) 363633 360127 261.8 256.7 0.96 1.95
Table 5.1: Comparison table for the eigenfrequencies and splittings on a disk vs annular geometry. Frequency and
splitting values quoted for the eigenmodes of a 30 µm radius disk / a 30 µm outer radius annulus (see eigenmodes
in Fig. 5.4). Frequency values are quoted for a 10 nm thick superfluid film. The frequency error (ferror) and
splitting error (∆ferror) are typically quite small, below 3 %. Modes with m = 0 cannot be decomposed in the
basis of CW and CCW rotating modes and experience therefore no splitting.
Disk
Annulus
(0,1) (1,6) (1,8)
Figure 5.4: Leftmost image for both disk and annulus: calculated flow field due to quantized circulation around
a centered point-vortex (disk) or a persistent current around a pedestal with a 1.5 µm diameter (annulus).
Rightmost images: Out-of-plane displacement profiles for three distinct sound eigenmodes. Color code: red –
positive, blue – negative, green – no displacement. The (m,n) numbers respectively correspond to the mode’s
azimuthal and radial orders, see Eqs. (5.2) & (5.3).
Sound modes frequency splitting
Similarly, we compare the sound mode frequency splitting ∆f due to a vortex at the center of a
disk geometry to the splitting due to a persistent current around the pedestal in an annular domain.
The results are also summarized in Table 5.1. These values are computed using the FEM simulation
techniques described in reference [4]. The splitting differences are again small, typically below 3%.
For this reason, it is reasonable to neglect the presence of the pedestal and model the underside of the
microtoroid as a circular disk resonator, so far as the mechanical eigenmodes and the splitting they
experience are concerned. (Note that the presence of the pedestal is taken into account in the kinetic
energy calculations discussed in § 5.5).
Third-sound eigenmodes on a disk and annulus
Here we briefly describe the analytical expressions of the superfluid third-sound eigenmodes on a disk
and on an annulus. The eigenmodes on a disk are given by [3]:
ηm,n (r, θ) = η0 Jm
(
ξm,n
r
R
)
cos (mθ) , (5.2)
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where ηm,n describes the out-of-plane deformation of the superfluid surface for the (m,n) mode as
a function of polar coordinates r and θ. The (m,n) numbers respectively correspond to the mode’s
azimuthal and radial orders, and ξm,n is a frequency parameter depending on the mode order and the
boundary conditions. The eigenmodes on an annulus [3] are given by:
ηm,n (r, θ) = η0
(
Jm
(
ξm,n
r
R
)
+ αYm
(
ξm,n
r
R
))
cos (mθ) , (5.3)
where Jm and Ym are respectively Bessel functions of the first and second kind of order m. For small
values rp  R, as is the case in our experiments, α 1 as Ym diverges at r = 0, and the eigenmodes
of the annulus are very close to those of the disk.
5.4.2 Modes identification
As we discussed above, the presence of the pedestal has a negligible effect on the sound eigenfrequen-
cies, and, thus, the experimental spectrum can be fitted with the eigenfrequencies of a disk. We find
that our experimental spectrum can be well reproduced by the eigenfrequencies of a 30 µm radius
disk resonator with free boundary conditions and a 7.5 nm film thickness, with typical frequency
discrepancies on the order of 1%. The film thickness – via its influence on the speed of sound – is used
as the sole fitting parameter to match the Bessel mode spectrum. The fitted value of film thickness
(7.5 nm) is in good agreement with values extracted from the optical cavity frequency shift induced by
the formation of the superfluid film on the surface of the cavity [1] (see § 2.4). Note that the frequency
spacing of higher-order Bessel modes is not harmonic, which allows us to discriminate between free
and fixed boundary conditions.
Rotationally invariant third-sound modes (m = 0) are most efficient at modulating the effective
optical path length of the resonator [3, 116], and generally have the highest optomechanical coupling
rate and, hence, the largest signal-to-noise ratio in the power spectrum. This is indeed what we observe,
with the fundamental ‘drumhead’ (0,1) Bessel mode having the largest signal-to-noise ratio in the
experiments, see Fig. 5.3a. Rotationally invariant modes, however, cannot be decomposed in the basis
of CW and CCW rotating modes. As such, we do not expect these modes to display any vortex-induced
splitting [4]. Again, this is what we observe, with the (0,1) mode remaining unperturbed by the vortex
generation process, while the (1,3), (1,4), (1,5), (1,7) and (1,8) modes all exhibit splitting, as seen in
Fig. 5.3a.
5.5 Influence of the microtoroid pedestal on vortex dynamics
Even though the influence of the microtoroid pedestal on third-sound modes’ frequencies and splittings
is negligible, we find that the presence of the pedestal introduces significant qualitative changes to
vortex dynamics. Namely, the pedestal creates a deep potential that vortices can pin to. Thus, we shall
now elaborate on how the pedestal modifies the physics of our system. We do so by considering the
kinetic energy landscape of the fluid confined within the circular boundary of the microtoroid.
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Figure 5.5: Superfluid flow velocity as a function of the radial distance from the vortex core, for a single
circulation quantum κ = h/mHe = 9.98× 10−8 m−2s−1 (blue line). Clipping the high-velocity component of
the flow field makes quantized circulation around the µm-sized microtoroid pedestal (depicted by the greyed-out
area) energetically favourable.
5.5.1 Pinning potential of the pedestal
While superfluid flow is purely irrotational, superfluids may contain vorticity consisting of irrotational
flow around a topological defect in the fluid [8, 235]. This topological defect may take the form of
an A˚ngstro¨m-sized normal-fluid core in 4He, or a macroscopic engineered barrier in a non-simply
connected geometry. The kinetic energy Ek associated with such a flow around a centred circular
defect in a circular domain of radius R in two-dimensional superfluids is given by:
Ek,n =
1
2
ρs
(N κ)2
2pi
ln
(
R
a0
)
, (5.4)
with ρs being the superfluid surface density, a0 the defect radius and N × κ the quantized circulation
around the defect. Here, κ = h/mHe = 9.98× 10−8 m−2s−1 is a single circulation quantum in 4He,
with mHe being the mass of a helium atom and h Planck’s constant. Given that circulation around a
macroscopic barrier – such as the microtoroid pedestal (a0 = rp ∼ 10−6 m) – clips the high-velocity
region of the flow (see Fig 5.5), it is energetically favourable compared to circulation around a vortex
core in the film (a0 ∼ 10−10 m). This has been observed via stirring of superfluids in annular
containers, where the vorticity preferentially takes the form of persistent flow around the inner annular
boundary, and vortices appear in the fluid itself only for much larger rotation speeds [241, 261].
If we consider a normal-fluid-core vortex centred on a disk of radius R = 30µm, then the
kinetic energy of its flow is calculated to be ∼ 1× 10−20 J, which corresponds to ∼ 2000 kB T (for
T = 500 mK and a 10 nm thick film). In contrast, for our R = 30 µm resonator with pedestal radius
rp ∼ 1 µm there is approximately three times less energy in the flow for quantized circulation around
the pedestal than around the normal-fluid core. However, placing increasingly large circulation around
the pedestal becomes less advantageous as the energy cost of each additional circulation quantum
Ek,N+1 − Ek,N is amplified by 2N , with N being the number of quanta already present in the fluid, as
shown in Eq. (5.4). This thereby provides an upper bound on the possible number of circulation quanta
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Figure 5.6: (a) Flow streamlines of a point vortex (red dot) offset from the center inside a circular domain (black
circle). The no-flow boundary condition is enforced by the presence of an opposite-sign image vortex outside
the boundary (blue dot) [227]. (b) Flow streamlines of a point vortex (rightmost red dot) outside a cylindrical
obstacle (grey disk) in a two-dimensional plane. The no-flow boundary condition is enforced by an opposite-sign
image vortex inside the obstacle (blue dot) and a same-sign image vortex in the center of the obstacle (left red
dot).
around the pedestal before it becomes energetically favourable to shed circulation quanta and form
free vortices in the fluid. In order to quantitatively estimate the metastability of the pinning around the
pedestal, we numerically calculate the kinetic energy barrier for the shedding of vortices.
5.5.2 Calculation of the flow kinetic energy
There are two mechanisms through which the large quantized circulation pinned to the pedestal
may decay. First, through the escape of vortices of the same sign as the circulation (without loss
of generality, for convenience, here we assume the pinned circulation to be ‘positive’ and the free
vortices to be ‘negative’). Second, a negative vortex may be generated elsewhere and migrate inwards,
annihilating circulation on the pedestal. We estimate the change in kinetic energy of the flow for these
two processes. In order to do so, we first calculate the flow field, exploiting streamfunctions for both
free vortices and the circulation pinned to the pedestal.
The streamfunction Ψfree of a free point vortex on the underside of the toroid can be approximated
in cartesian coordinates by [4, 77, 227, 262]:
Ψfree ' κ
2pi
(
ln
(√
(x−X1)2 + y2
)
− ln
(√
(x−X2)2 + y2
)
+ ln
(√
x2 + y2
)
− ln
(√
(x−X3)2 + y2
))
.
(5.5)
Here X1 is the radial coordinate of the vortex (along the x axis), X2 =
r2p
X1
is the radial coordinate
of the opposite-circulation image vortex required to enforce no-flow across the pedestal boundary, and
X3 =
R2
X1
is the radial coordinate of the opposite-circulation image vortex required to enforce no-flow
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across the resonator boundary, as shown in Fig. 5.6b. Since there are two boundaries in the problem,
the image vortices also require their own image vortices, leading to an infinite series. However, for
small values of rp  R, as is the case in our experiments, the infinite series can safely be truncated
after the first term, as in Eq. (5.5), while conserving the absence of flow through the resonator and
pedestal boundaries, as visible in the calculated streamlines in Fig. 5.7a & b.
The streamfunction Ψpedestal of the quantized circulation around the pedestal is given by:
Ψpedestal =
N κ
2pi
ln
(√
x2 + y2
)
, (5.6)
where N is the number of circulation quanta pinned around the pedestal.
The total streamfunction Ψtot, describing the combined flow, is then simply Ψtot = Ψfree +Ψpedestal.
From the streamfunction Ψtot, the superfluid velocity components are given by
vx =
∂Ψtotal
∂y
and vy = −∂Ψtotal
∂x
. (5.7)
The kinetic energy of a given flow field is obtained through numerical integration of the calculated
field (Eq. (5.7)) over the annular region contained within rp < r < R.
5.5.3 Metastability of the flow pinned around the pedestal
Figures 5.7a & b illustrate two alternate decay scenarios for a large circulation trapped around the
microtoroid pedestal. First, a positive vortex (red) can be shed from the large positive circulation
pinned around the pedestal. Second, a negative incoming vortex (blue) can annihilate with the positive
circulation on the microtoroid pedestal. The energy cost of both these scenarios is illustrated in
Fig.5.7c. The red curve shows the energy difference between the two following configurations:
i. a positive circulation of 10κ on the pedestal and a free point vortex of circulation κ at radial
coordinate x
ii. a positive circulation of 11κ on the pedestal
If the free vortex can move far enough away from the pedestal, this escape process is energetically
favourable (∆E < 0), as the flow fields of the free vortex and the macroscopic circulation no longer
sum up constructively. However, as shown in Fig. 5.7d, there is an initial energy barrier on the order of
several hundred kBT for the free vortex to break free from the topological defect. Indeed, in the initial
stage of the vortex shedding process the flow fields of the pinned circulation and the free vortex still
add up constructively, and do not offset the additional energy cost of the high velocity flow near the
normal-fluid core, as shown in Fig. 5.5.
As discussed previously, the overall shape of the energy barrier is dependent on the number of
pinned circulation quanta N . For increasing circulation around the pedestal the barrier becomes
narrower and shallower (dashed red line in Fig. 5.7d), but the conclusion remains identical. While
the lowest energy state of the system corresponds to no persistent current, a large energy barrier (on
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Figure 5.7: Two alternate decay scenarios for a large (κ  1) circulation trapped around the microtoroid
pedestal. (a) Positive vortex (red) ‘peeling off’ from the large positive pinned circulation around the central
pedestal (greyed-out region). Blue arrows display the flow streamlines calculated from Eq. (5.7). (b) Incoming
negative vortex (blue) annihilating with the positive circulation on the microtoroid pedestal. (c) Calculated
kinetic energy cost of the decay processes illustrated in (a) and (b), starting from a positive circulation of 11× κ
around the pedestal (red curve – escaping positive vortex, blue curve – incoming negative vortex). The dashed
red line marks the theoretical energy drop from the removal of one circulation quantum, i.e. the drop from
11×κ to 10×κ. (d) Zoom-in of the region marked by an asterisk ’*’ in (c), highlighting the potential barrier for
the shedding of positive vortices. Solid red line and dashed red line show the potential barriers starting from a
positive circulation of 11× κ and 31× κ around the pedestal respectively. Greyed-out region marks the location
of the pedestal.
the order of several hundred kB T for the vortex numbers present in the experiment) explains why the
circulation remains pinned around the microtoroid pedestal for the duration of the experiment.
Similarly, the creation of a negative vortex on the microtoroid boundary also incurs a large energy
penalty due to the energy cost of the high-velocity region near the vortex core (see Fig. 5.7c). However,
for radial coordinates r < 18 µm, that energy cost is larger than the offset by the cancellation of the
pinned persistent current flow field, so that the negative free point vortex introduces ‘negative’ kinetic
energy in the system.
5.6 Generation of nonequilibrium vortex clusters
Having described technical details of our experiments and provided theoretical estimations of how the
presence of the microtoroid pedestal should modify the dynamics of our vortex-sound system, we are
now in position to move on to the experimental results and their discussion. We start off by describing
the generation of nonequilibrium vortex clusters with laser light.
We find experimentally that vortex clusters can be optically initialized into a vortex dipole in
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Figure 5.8: Laser initialization and observation of vortex clusters. (a) Top: sketch of the vortex generation
process. Optically induced superfluid flow exceeds the superfluid critical velocity, resulting in the generation of
vortex pairs. An ensemble of vortex pairs evolves into a metastable vortex dipole. Bottom: artist’s representation
of the metastable vortex state. (b) Splittings of (m,n) = (1, 3), (1, 4), (1, 5), (1, 7) and (1, 8) third-sound
modes immediately after the initialization process. Spatial amplitude profiles of the split modes are shown as
insets. Red bars mark the theoretically computed splittings right after the system initialization. Grey spectra
correspond to the unperturbed third-sound modes without vortex ensemble initialization. The residual splitting
in these unperturbed spectra is due to irregularities in the circularity of the microtoroid that break the degeneracy
between standing-wave Bessel modes. We accounted for these in data processing (see § 5.3.3). (c) Three
examples of metastable distributions showing the effects of dissipation and annihilation. The colormap indicates
the free-vortex probability density.
several ways, including pulsing the intensity of the injected laser to induce superfluid flow via the
‘fountain effect’ [8], and optomechanical driving of low-frequency third-sound modes via dynamical
backaction [1]. Both of these techniques induce flow that exceeds the superfluid critical velocity [8],
triggering the generation of vortex pairs (Fig. 5.8a(top)). In the presence of a circular boundary, an
ensemble of vortex pairs evolves into a metastable state characterized at high energies by a large-scale
negative-temperature Onsager vortex dipole [21, 36]. As we discussed earlier, the microtoroid pedestal
creates a deep potential that generated vortices can get trapped onto (see § 5.5). Vortices of one sign
become pinned, creating a macroscopic circulation around the pedestal, while the others evolve into a
free-orbiting metastable cluster, as shown in Fig. 5.8a(bottom) (for details see § 5.9.2). Although this
metastable state would be characterised as a negative-temperature vortex dipole even in the absence
of the pinning site, in our case the presence of the microtoroid pedestal with its pinning potential
introduces qualitatively different features into the the dynamics of the metastable state.
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The timescale within which a metastable state is reached scales inversely with the vortex-vortex
interaction strength and hence depends on the density of free vortices. This timescale can be estimated
from the characteristic turnover time for internal rearrangement of the free-vortex cluster, τ ∼ r2c/Nκ,
where N is the number of free vortices, rc is the radius of the cluster, and κ is the circulation
quantum [263]. Taking the case of two free vortices separated by the disk radius R = 30µm provides
an upper bound to the turnover time of τ . 5 ms1. This is substantially faster than both the dissipation
of the system and the temporal resolution of our measurements. Consequently, the vortex cluster can
be well approximated to exist in a metastable state throughout its evolution, with this state modified
continuously by dissipation and in discrete steps by vortex annihilation events.
Each possible metastable state is uniquely characterized by the number of free vortices, kinetic
energy and angular momentum. It has been shown previously that stirring superfluid helium in an
annulus generates a ring of free vortices [241]. Assuming our initialization process produces such a ring
allows the parameter space to be reduced to vortex number and kinetic energy. Performing point-vortex
simulations for vortex configurations initially arranged in a ring, and varying both the ring radii and
vortex number, we determine the possible metastable vortex distributions as a function of these two
parameters (see § 5.9.2). Next, in order to determine the instantaneous metastable vortex distribution
at each time of the cluster evolution, we use the vortex-position dependent splitting function ∆f(r)
(see Fig. 5.1d) to compute frequency shifts expected on the (m,n) = (1, 3), (1, 4), (1, 5), (1, 7), (1, 8)
third-sound modes for each possible metastable distribution and compare these to the experimentally
observed shifts. This allows us to ascertain both the metastable state that most closely matches the
observed frequency shifts at a given time, as well as the range of metastable states for which the shifts
are statistically indistinguishable.
Figure 5.8b shows the observed frequency shifts at the start of the measurement run, just after the
vortex cluster has been initialised. As shown by the vertical red bars, we find an excellent agreement
between the observed frequency splittings and those computed with the optimal metastable distribution.
Moreover, we find that the statistical uncertainty in the vortex number and kinetic energy is relatively
small. We identify the initial metastable vortex distribution as a vortex dipole either containing 17
free vortices with a total kinetic energy of Ktotal = 7.8+0.6−0.3 aJ, or 16 vortices with Ktotal = 8.3+0.2−0.6 aJ.
We are also able to determine the dipole separation, which in the case of 17 vortices is found to be
7.1+1.3−0.7µm (for details see § 5.7).
In their metastable state, the free vortices exist in an orbiting horse-shoe shaped cluster separated
from the origin, as illustrated in Fig. 5.8c. Together with the macroscopic circulation, this forms a
vortex dipole with separation that shrinks as the system dissipates kinetic energy and grows when
vortices are annihilated (see Fig. 5.8c).
1As we will see later on, in § 5.9.2, this timescale is also confirmed via point-vortex simulations.
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Figure 5.9: Experimental splitting decay of the (m,n) = (1, 8), (1, 7), (1, 5), (1, 4) and (1, 3) third-sound
modes (top-to-bottom traces respectively). The raw data was recorded on a high bandwidth, high memory-depth
oscilloscope. In this run, six continuous measurements were taken, separated by data-saving periods each of
approximately ten seconds. Note that the data is displayed with no geometric contribution to the splitting (see
§ 5.3.3).
5.7 Vortex decay models
Once the vortex cluster is initialised, we simultaneously measure the frequency shifts induced on
several third-sound modes as the cluster evolves over time. Continuously monitoring the superfluid
sound modes reveals that their splitting decays over a timescale on the order of minutes (Fig. 5.9).
The splitting decay is a direct consequence of the vortex cluster evolution. We developed a number
of feasible vortex decay models which we compare here in order to ascertain which of these models
characterises the splitting evolution most consistently over the entire course of the decay process.
Since the frequency splitting experienced by each third-sound mode due to the presence of a
vortex is unique (see Fig. 5.1d and ref. [4]), the ability to monitor the splitting on multiple sound
modes simultaneously allows us to infer spatial information about the experimental vortex distribution.
And it is this capability that we use to discriminate between several different vortex decay scenarios
(Fig. 5.10a).
• Scenario 12. The experimentally observed splitting is due to a tight cluster of same-signed
vortices located at the centre of the microtoroid. Such a distribution could be initialized by a
circular stirring of the superfluid film, resulting in a centripetal Magnus force strong enough to
push vortices of one sign into a tight cluster at the microtoroid origin, and vortices of opposite
sign towards the resonator outer boundary where they either ‘annihilate’ with their images or
disappear in any other way. After initialization, dissipation in the system will drive a radial
expansion of the tightly-packed cluster. As discussed in § 5.9.4, point-vortex simulations reveal
that a tight vortex cluster will rapidly relax into an expanding flat-top (i.e. spatially uniform)
2Note that Scenarios 1 & 2 assume vortex dynamics on the top surface of the microtoroid.
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distribution, irrespective of the initial cluster arrangement. This flat-top expansion scenario is
depicted on the blue resonator in Fig. 5.10a.
• Scenario 2. The experimentally observed splitting is due to a tight cluster of same-signed vortices
located at the centre of the resonator, as in scenario 1. The difference here lies in the presence of
pinning sites (black stars in Fig. 5.10a) on the resonator surface. Expansion of the tightly-packed
cluster in the presence of pinning sites resembles diffusive Brownian motion whereby vortices
hop from pinning site to pinning site with a slow outward drift due to dissipation (see individual
vortex trajectory marked by black arrows). Under such conditions the spatial probability density
distribution of the expanding cluster can be approximated by a Gaussian (see § 5.9.4). This
Gaussian expansion scenario is depicted on the green resonator in Fig. 5.10a.
• Scenario 3. The experimentally observed splitting is due to a macroscopic persistent current
around the pedestal at the centre of the resonator (see discussion of the pedestal pinning potential
in § 5.5.1). This persistent current then decays through the slow shedding of same-sign vortices.
Due to dissipation, these vortices will rapidly spiral out of the resonator, such that the probability
density can be modelled by a temporally decaying delta function in the centre of the resonator.
Due to the strong potential energy barrier for the vortex shedding process (see § 5.5.3), such a
scenario is unlikely but is nonetheless considered here for completeness. This persistent current
decay scenario is depicted on the orange resonator in Fig. 5.10a.
• Scenario 4. The experimentally observed splitting is due to a macroscopic persistent current
pinned to the pedestal at the centre of the microtoroid, and a cluster of orbiting free vortices of
opposite sign. Such a distribution can be initialized by superfluid flow exceeding the critical
velocity up the device pedestal, leading to the generation of pairs of opposite-sign vortices. One
sign pins to the pedestal while the other forms into a freely orbiting cluster. After initialization,
dissipation will cause the orbiting cluster to spiral inwards, where it will annihilate with the
persistent current on the pedestal. This vortex dipole decay scenario is depicted on the purple
resonator in Fig. 5.10a.
Each decay model is tested by comparing its predicted splitting on all sound modes to the experi-
mental data. The figure of merit for this comparison is the root-mean-square (RMS) splitting error
relative to the experimental data which is given by
∆fRMS error =
√∑
i
(∆fpr,i −∆fexp,i)2 . (5.8)
Here, ∆fpr,i and ∆fexp,i are respectively the predicted and experimental third-sound mode splitting for
mode i. Summation in Eq. (5.8) is performed over the five tracked sound modes identified in Fig. 5.3.
The results of the comparison of each of the models to the experiment over the entire course of the
decay process are shown in Fig. 5.10b. We now briefly describe how the RMS error is computed for
each of the models.
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Figure 5.10: (a) Four different vortex decay scenarios. From left to right: flat-top (uniform density) expansion of
a vortex cluster (blue disk); Gaussian expansion of a vortex cluster with pinning sites (green disk); decay of a
macroscopic circulation through shedding of same-sign vortices (orange disk); decay of a macroscopic vortex
dipole consisting of a pinned macroscopic circulation (red) and a cluster of free opposite-sign vortices (purple
disk). The associated probability density is plotted above each scenario. (b) Calculated RMS error for each
decay scenario across the 360 s experimental duration. The trace colours keep the same colour scheme as in (a).
At longer times, all scenarios converge towards a similar error as the experimental splitting has almost entirely
decayed and our approach loses its discriminating power. (c) Experimentally-measured splitting of the five
tracked sound modes ((1,3), (1,4), (1,5), (1,7) and (1,8)) (black squares) and simulated splitting corresponding
to the four decay scenarios listed above. Each scenario is identified by the same colour code as in (a). Each
sound mode is identified by its azimuthal mode number m, e.g. ‘8’ corresponds to mode (1,8). Plots i, ii and iii
correspond to the times indicated by the dashed grey lines in (b).
Each of the models is characterized by its spatial probability density distribution ρRdist(r), nor-
malised such that
R∫
0
ρRdist(r) r dr = 1. Decay scenarios 1 & 2 are characterised by the uniform and
Gaussian distributions respectively. For the uniform distribution ρRdist(r) is constant within Rdist and
zero elsewhere, i.e. it takes the form of
ρRdist(r) =

2r
R2dist
if r < Rdist,
0 if r > Rdist,
(5.9)
which derives from the normalization condition. For the Gaussian distribution we proceed in the similar
fashion. The splitting ∆f [1,2]pr,i predicted by each of these expansion models on the i
th third-sound mode
can then be obtained as
∆f
[1,2]
pr,i = N
R∫
0
ρRdist(r) ∆fth,i(r) r dr, (5.10)
where ∆fth (r) refers to the theoretically calculated vortex-induced splitting functions, as shown in
Fig. 5.1d. These splitting functions are independently obtained for all five experimentally tracked
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sound modes through Finite-Element Method calculation of the overlap between the vortex and sound
flow fields [4].
Both the flat-top and Gaussian distributions are uniquely characterized by an initial vortex number
and the distribution radius. Looking at the initial experimental splitting (t = 0) of the five tracked
sound modes and computing ∆f [1,2]pr,i for each of them, we find the combination of the vortex number
(N = 15) and the distribution radius which most closely matches the experimental results (∆fRMS error
is minimized), and the associated confidence intervals, as illustrated in Fig. 5.11. This initial vortex
number is then kept constant throughout the fitting procedure, as the distribution expands with no
annihilation events. At all subsequent experimental time steps, the optimal radius which minimizes the
RMS error is inferred. The fitting procedure thus produces an estimate of the distribution radius versus
time, as well as the RMS error of the fitting procedure versus time, as plotted in the blue and green
traces in Fig. 5.10b for the uniform and Gaussian models respectively. The calculation of the RMS
error for the other decay scenarios follows a similar approach.
Splitting for each mode in scenario 3 (delta-function-like) can be calculated as
∆f
[3]
pr,i = N ∆fth,i(0), (5.11)
Here the optimization is performed over N , the number of circulation quanta around the pedestal.
We determine N(t) by minimizing ∆fRMS error at each of the experimental time steps. We then plot
∆fRMS error(t), illustrated in orange trace in Fig. 5.10b.
In the vortex dipole model (scenario 4), the spatial probability density ρfreeN,K of the free-orbiting
cluster is taken out of a matrix of 19 × 136 (possible vortex number × possible radius) possible
configurations computed through point-vortex simulations. The delta-function-like distribution approx-
imates the macroscopic circulation pinned to the pedestal, analogous to scenario 3. Then the splitting
predicted by the dipole model can be obtained as
∆f
[4]
pr,i = N
∆fth,i(0)− R∫
0
ρfreeN,K(r) ∆fth,i (r) r dr
 . (5.12)
Since the vortex number in the dipole model is no longer constant due to annihilation events, the
optimization at every time step occurs over a two-dimensional space (vortex number and kinetic
energy), similar to the initial fitting step of the uniform distribution shown in Fig. 5.11. Having
obtained both vortex number and kinetic energy as a function of time, we compute ∆fRMS error(t),
shown in the purple trace in Fig. 5.10b. As we experimentally observe the splitting decaying to zero
at long timescales, we make the assumption that the number of circulation quanta pinned around the
pedestal matches the number of opposite sign vortices in the free cluster, as shown in Eq. (5.12). This
hypothesis is consistent with the pairwise production of vortices by a supercritical superfluid flow, as
well as with the requirement for zero net vorticity on a closed surface in three dimensions [227].
All scenarios start with a tightly-packed initial vortex distribution or macroscopic circulation at
the centre of the resonator. This is both because we expect the stirring process to generate vortices at
the top of the pedestal, where the superflow is fastest, and because the initial ratio of the measured
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Figure 5.11: RMS error map for the flat-top distribution decay scenario, computed at t = 0. The labelled
shaded regions correspond to the one-, two- and three-σ standard deviation confidence intervals. The best fit to
experiment at t = 0 is provided by 15 vortices near the disk origin in both flat-top and Gaussian scenarios (red
circle).
experimental splittings ∆fexp closely matches the theoretical splitting ∆fth ratios expected from
vortices positioned in the centre of the resonator:
∆fexp,m (t = 0)
∆fexp,m′ (t = 0)
' ∆fth,m (r = 0)
∆fth,m′ (r = 0)
(5.13)
Here the subscripts m and m′ refer to different sound mode azimuthal orders.
We note that while all scenarios predict a decaying splitting of all sound modes, as observed in the
experiments, their relative influence on different sound modes is quite significant. This is striking in
Fig. 5.10c(ii) & (iii), which show the predicted splitting on all five sound modes at the times marked by
the dashed grey lines in Fig. 5.10b. We see that both expanding cluster scenarios (flat-top in blue and
Gaussian in green) predict similar splitting on all sound modes – on the order of 0.8 kHz in (ii) and 0.3
kHz in (iii) – as the cluster expands. This is in strong disagreement with the experimental data (black
squares) for which the splitting is an increasing function of mode number. This mismatch, visible in
the much larger RMS errors for these decay scenarios in Fig. 5.10b, illustrates how the ability to track
the frequency splitting of multiple sound modes simultaneously allows us to infer spatial information
about the experimental vortex distribution.
We find that the observed splittings are well characterized by a metastable vortex dipole which
systematically provides the best agreement with the experimentally measured splittings throughout the
entire decay process.
5.8 Coherent evolution of vortex clusters
To determine the dynamics of a metastable vortex distribution from a single continuous measurement,
we generate a nonequilibrium vortex cluster by optically initiating supercritical flow. As has been
discussed above, the initial metastable distribution is identified as a vortex dipole. The kinetic energy
and free-vortex number of the metastable state are shown as a function of time for a single-shot in
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Figure 5.12: Single-shot evolution of vortex-cluster metastable states. (a) Decay of the total kinetic energy
Ktotal (blue curve) and increase of the kinetic energy of the free-vortex cluster Kfree (red curve). Insets: quasi-
equilibrium vortex distributions at times indicated by the vertical dashed lines. The first two quasi-equilibrium
distributions are taken, respectively, just before and just after the 13-to-12 annihilation event. (b) Experimentally
determined decay of the vortex number. Vertical dashed lines correspond to times in (a). Note that, while
this data displays steps in the vortex number, this is a feature of our analysis which minimizes the root-mean-
square uncertainty only over discrete vortex number. While our experiments approach single vortex resolution,
the continuous variation of vortex-induced splitting with time precludes direct unambiguous observation of
individual steps in the splitting due to the creation or annihilation of vortices [4]. (c) Ktotal decay (blue curve)
and Kfree increase (red curve) extracted from the point-vortex simulation, showing very good agreement with
the experimental results in (a). (d) Point-vortex simulation of the vortex number decay. In all traces the shaded
area corresponds to a one-standard-deviation uncertainty.
Fig. 5.12a&b (blue curves). The total kinetic energy of the dipole decays continuously with time
over a period of around a minute. This decay time is comparable to previous non-spatially resolved
measurements of the decay of a persistent current [264]. In our experiments, the decay is accompanied
by a reduction in the number of free vortices, as vortex-vortex interactions and dissipation drive vortices
into the centre of the disk where they can annihilate with quanta of circulation of opposite sign pinned
to the pedestal. These dynamics are supported by point-vortex simulations (Fig. 5.12c&d), which show
good quantitative agreement with only the dimensionless dissipation coefficient γ as a fitting parameter.
The dissipation coefficient quantifies the ratio of coherent to dissipative timescales in the superfluid
dynamics, and was found to be γ ∼ 2 × 10−6 (see § 5.9.3). It has generally been thought that fast
dissipative processes would preclude the observation of coherent dynamics in superfluid helium films.
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However, our experiments show that this is not the case in general, with coherent dynamics dominating
by more than five orders-of-magnitude. Indeed, the dissipation coefficient obtained in our work is
competitive with the best ultracold atom experiments, which typically achieve γ ∼ 5× 10−4 [36, 265].
The agreement between experiment and theory indicates that, within experimental uncertainties, the
vortex dynamics are consistent with a simple point-vortex model including local phenomenological
dissipation, and without the need to introduce inertia to the vortex cores [49, 52] or an Iordanskii force
between vortices and the normal component of the fluid [53]. Thus, we shall now elaborate on the
results of the point-vortex simulations and how the point-vortex model is implemented.
5.9 Dissipative point-vortex dynamics
Here we introduce the dissipative point-vortex model (PVM). We employ this model to:
• Calculate the metastable quasi-equilibrium states of the system (§ 5.9.2 and § 5.9.4).
• Provide a fit to our experimentally measured vortex decay dynamics and extract the dissipation
factor γ and diffusion coefficient D (§ 5.9.3).
5.9.1 Point-vortex model
The motion of quantum vortices of circulation κj = sj h/mHe (with sj ∈ Z the vortex charge) in a
thin superfluid film of density ρ, thickness d, and temperature T can be described by the equation of
motion [234, 266]
dri
dt
= vis + C(vn − vis) + si
(
Dhρd
mHekBT
)
zˆ× (vn − vis). (5.14)
Here vn is the velocity of the normal fluid and vis is the local superfluid velocity, evaluated at ri,
excluding the self-divergent velocity field of the vortex at ri [234]. The parameters C and D are
phenomenological mutual friction coefficients, which originate from the scattering of quasiparticles
such as phonons, rotons, and ripplons by the vortex cores. These parameters are dependent on
temperature, film thickness, and the complex interactions of vortices with defects in the substrate [234,
266]. Note that in the absence of friction, a vortex simply moves with the local superfluid velocity,
as in the case of ordinary point-vortex dynamics of an ideal fluid [267]. The diffusion coefficient
D is typically . ~/mHe near the Berezinskii-Kosterlitz-Thouless transition [234, 268], and decays
algebraically below TBKT [25]. The constant C ranges between 0 and 1.
In our system the normal fluid is viscously clamped to the surface of the microtoroid [1] and we
may therefore assume vn = 0, giving
dri
dt
= (1− C)vis − si γ (zˆ× vis), (5.15)
where we have defined the dimensionless dissipation coefficient γ = (Dhρd/mHekBT ). The superfluid
velocity vs generated by the vortices is determined by the Green’s function of the domain [234]. Here
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we approximate the surface of the microtoroid as a hard-walled circular disk of radius R. The velocity
at vortex i is thus given in terms of the relative vortex positions as
vis =
1
2pi
∑
j 6=i
κj
r2ij
(
−yij
xij
)
+
1
2pi
∑
j
κ¯j
r¯2ij
(
−y¯ij
x¯ij
)
, (5.16)
where xij = xi − xj and, r2ij = x2ij + y2ij . The barred terms x¯ij = xi − x¯j , etc. correspond to image
vortices with κ¯j = −κj placed outside the disk at the inverse point r¯i = R2ri/|ri|2. These fictitious
image vortices enforce the boundary condition vs · nˆ|r=R = 0, i.e. the flow across the boundary normal
nˆ is zero at the boundary r = R.
The kinetic energy of the fluid can be expressed in terms of the relative vortex positions. On a disk
of radius R, the vortex Hamiltonian for N vortices with core size a0 is given by [269, 270]
H =− ρd
4pi
N,N∑
i<j
κiκj ln
(
r2ij
Ra0
)
+
ρd
4pi
N∑
i=1
κ2i ln
(
R2 − r2i
Ra0
)
+
ρd
4pi
N,N∑
i<j
κiκj ln
(
R4 − 2R2ri · rj + r2i r2j
R3a0
)
. (5.17)
In the absence of friction (γ = C = 0), H generates the vortex dynamics, described in (5.16), from
Hamilton’s equations as
κi
dxi
dt
=
∂H
∂yi
, κi
dyi
dt
= −∂H
∂xi
. (5.18)
The parameter C is non-dissipative (it does not influence the relative distances between vortices),
and therefore does not contribute to the decay of the superflow [266]. We therefore set C = 0. As shall
be addressed later in § 5.9.3, we measure the dissipation factor to be on the order of γ ∼ 10−6. As
the dimensionless parameters γ and C originate from similar microscopic processes, we expect that
they would be of comparable magnitude, as is indeed the case in bulk superfluid helium [68, 271, 272].
Since γ  1, the assumption (1− C) ≈ 1 is therefore a reasonable approximation.
We manually add two phenomenological features to the model:
• Pinning of vortices to the pedestal of the microtoroid. In our experiments, we infer a large
macroscopic circulation pinned to toroid’s pedestal. To model this, we assume rigid pinning,
forcing Eq. (5.15) to equal zero for the vortices pinned at the origin.
• Vortex-antivortex annihilation. Vortex-antivortex pairs in a superfluid annihilate once they
approach each other within a distance comparable to the core size [273], which is not included in
Eqs. (5.18). To account for the annihilation of free vortices in the orbiting cluster with quantized
circulation of the opposite sign trapped around the pedestal, we remove a free vortex from the
simulation when it reaches the radius of the pedestal, rp = R/30, along with one quantum of
circulation from the pedestal.
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Figure 5.13: Dipole moment of N = 17 vortex cluster, for vortices initialized in a ring formation of varying
initial radius r0. Each curve represents an average of 50 PVM simulation runs. The ring initialization radius
r0 is given here as a fraction of the disk radius R. Figure is reproduced and modified with permission of
O. R. Stockdale [274].
5.9.2 Metastable vortex states
As discussed above, we find that a cluster of free vortices quickly forms a metastable state. To show
this, we evolve a randomly oriented cluster over time without dissipation and find that the dipole
moment, defined as
d ≡ |d| =
∣∣∣∣∣ 1N
N∑
i
si ri
∣∣∣∣∣, (5.19)
quickly becomes a non-zero constant and persists indefinitely. We run the system with zero dissipation
as the timescale of the coherent dynamics is approximately five orders of magnitude smaller than the
timescale of the dissipative dynamics. Hence, we assume that the dissipative dynamics do not affect
the cluster’s tendency to form the metastable state. In Fig. 5.13 we plot the dipole moment for a cluster
of 17 free vortices, initialized in a ring of radius r0, in the presence of a flow generated by macroscopic
circulation with κ = 17h/mHe pinned to the microtoroid pedestal.
Figure 5.13 shows that the dipole moment of the largest ring reaches a finite value within τ ∼ 20
ms. The initial state of the experimental system after initialization (dipole separation ∼7.1 um),
determined by fitting the frequency splitting of all sound modes, is most closely described by the blue
curve in Fig. 5.13. As can be seen here, the metastable state is reached within τ ∼ 5 ms, a timescale
much shorter than the observed decay of the splitting in the experiments (minutes). This value is also
consistent with the estimation based on the τ ∼ r2c/Nκ formula discussed in § 5.6.
As the system is in a microcanonical ensemble, only the energy, angular momentum, and vortex
number of the initial distribution define the metastable state. However, it has been shown that stirring
superfluid helium in an annular geometry leads to a ring of vortices [241]. As such, we reduce here the
parameter space that describes the metastable state to just kinetic energy, K, and vortex number, N .
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Figure 5.14: (a) Sample initial ring distribution where N = 16. Yellow dots correspond to free vortices in
the system, which orbit around the pinned circulation at the centre of the resonator (not shown here). Red
circle: resonator outer boundary. (b) Time-averaged metastable state over the entire simulation. At each time
step, the vortex cluster has been rotated such that the dipole moment lies along the y-axis. Figure provided by
O. R. Stockdale.
With this, we calculate the metastable states over the entire parameter space of (N,K). We range
the vortex number between N = 2 to N = 19 (as N = 1 corresponds to the trivial case where the
vortex simply orbits at a constant radius). For each cluster number, we vary the radius of the ring
from rp = 1 µm through R = 28.50 µm in steps of ∆R ' 0.1532 µm (which directly correlates to
incremental changes in kinetic energy), giving n = 180 metastable states for each vortex number.
We characterize the metastable state by calculating the mean density of vortex positions over the
course of the simulation. As the vortices perform many orbits during the simulation, plotting this in
a fixed reference frame would produce a doughnut-shaped rotationally invariant-density profile. In
order to visualize the angular spread of the orbiting cluster, we instead go into a frame rotating with
the vortex cluster: at each time step, we rotate the cluster such that its dipole moment lies along the
y-axis. An example of this visualisation can be seen in Fig. 5.14b.
5.9.3 Implementation of the point-vortex model
We solve the system of equations in Eq. (5.16) to calculate the motion of vortices with energy damping.
We initialize the positions of the 17 negative vortices via a random uniform distribution to form a ring,
with the condition that the distribution must have a kinetic energy comparable to the initial energy in
the experiment (∼ 1 aJ). We simulate the dynamics of the system thirty separate times with different
initial vortex positions, each constrained by initial energy, with dissipation γ = 0.03. In Fig. 5.12c&d
a single simulation result is plotted (solid blue line), with the light-blue shading representing one
standard deviation on either side of the mean in the thirty runs.
Since the free-vortex cluster evolves slowly through quasi-equilibrium states, we find that the
macroscopic dynamics scale with the dissipation constant γ, as shown in Fig. 5.15. Each curve
seen in Fig. 5.15 is an average over 10 runs with different initial conditions. We expect that scaling
will improve at lower dissipation rates as the time scale of energy loss will be far smaller than the
time scale of coherent dynamics. As such, we choose a value of dissipation that is larger than the
experimental one, and scale the results accordingly to best fit the experimental data, rescaling γ in the
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<latexit sha1_base64="Jm82uZKiBXeUE2vYnPJNj+iY2uc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjMxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtG4NvNbT0wbnsgHO1EsjHEo+YBTtE5qd8eoFPZqvVLZr/hzkFUS5KQMOeq90le3n9A0ZtJSgcZ0Al/ZMENtORVsWuymhimkYxyyjqMSY2bCbH7vlJw7pU8GiXYlLZmrvycyjI2ZxJHrjNGOzLI3E//zOqkd3IQZlyq1TNLFokEqiE3I7HnS55pRKyaOINXc3UroCDVS6yIquhCC5ZdXSfOyEviV4P6qXL3N4yjAKZzBBQRwDVW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP9rSj9U=</latexit><latexit sha1_base64="Jm82uZKiBXeUE2vYnPJNj+iY2uc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjMxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtG4NvNbT0wbnsgHO1EsjHEo+YBTtE5qd8eoFPZqvVLZr/hzkFUS5KQMOeq90le3n9A0ZtJSgcZ0Al/ZMENtORVsWuymhimkYxyyjqMSY2bCbH7vlJw7pU8GiXYlLZmrvycyjI2ZxJHrjNGOzLI3E//zOqkd3IQZlyq1TNLFokEqiE3I7HnS55pRKyaOINXc3UroCDVS6yIquhCC5ZdXSfOyEviV4P6qXL3N4yjAKZzBBQRwDVW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP9rSj9U=</latexit><latexit sha1_base64="Jm82uZKiBXeUE2vYnPJNj+iY2uc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjMxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtG4NvNbT0wbnsgHO1EsjHEo+YBTtE5qd8eoFPZqvVLZr/hzkFUS5KQMOeq90le3n9A0ZtJSgcZ0Al/ZMENtORVsWuymhimkYxyyjqMSY2bCbH7vlJw7pU8GiXYlLZmrvycyjI2ZxJHrjNGOzLI3E//zOqkd3IQZlyq1TNLFokEqiE3I7HnS55pRKyaOINXc3UroCDVS6yIquhCC5ZdXSfOyEviV4P6qXL3N4yjAKZzBBQRwDVW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP9rSj9U=</latexit><latexit sha1_base64="Jm82uZKiBXeUE2vYnPJNj+iY2uc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjMxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtG4NvNbT0wbnsgHO1EsjHEo+YBTtE5qd8eoFPZqvVLZr/hzkFUS5KQMOeq90le3n9A0ZtJSgcZ0Al/ZMENtORVsWuymhimkYxyyjqMSY2bCbH7vlJw7pU8GiXYlLZmrvycyjI2ZxJHrjNGOzLI3E//zOqkd3IQZlyq1TNLFokEqiE3I7HnS55pRKyaOINXc3UroCDVS6yIquhCC5ZdXSfOyEviV4P6qXL3N4yjAKZzBBQRwDVW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP9rSj9U=</latexit>
  = 0.005
<latexit sha1_base64="J+rKiYOBlzQQfCx2i9AwnZzAy24=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krui6EUoevFYwX5Au5bZNG1Dk90lySpl6f/w4kERr/4Xb/4bs+0etPXBMI/3ZsjkBbHg2rjut7O0vLK6tl7YKG5ube/slvb2GzpKFGV1GolItQLUTPCQ1Q03grVixVAGgjWD0U3mNx+Z0jwK7804Zr7EQcj7nKKx0kNngFIiuSJuxXXPu6Vy1jOQReLlpAw5at3SV6cX0USy0FCBWrc9NzZ+ispwKtik2Ek0i5GOcMDaloYomfbT6dUTcmyVHulHylZoyFT9vZGi1HosAzsp0Qz1vJeJ/3ntxPQv/ZSHcWJYSGcP9RNBTESyCEiPK0aNGFuCVHF7K6FDVEiNDapoQ/Dmv7xIGqcVz614d2fl6nUeRwEO4QhOwIMLqMIt1KAOFBQ8wyu8OU/Oi/PufMxGl5x85wD+wPn8AfRAkNU=</latexit><latexit sha1_base64="J+rKiYOBlzQQfCx2i9AwnZzAy24=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krui6EUoevFYwX5Au5bZNG1Dk90lySpl6f/w4kERr/4Xb/4bs+0etPXBMI/3ZsjkBbHg2rjut7O0vLK6tl7YKG5ube/slvb2GzpKFGV1GolItQLUTPCQ1Q03grVixVAGgjWD0U3mNx+Z0jwK7804Zr7EQcj7nKKx0kNngFIiuSJuxXXPu6Vy1jOQReLlpAw5at3SV6cX0USy0FCBWrc9NzZ+ispwKtik2Ek0i5GOcMDaloYomfbT6dUTcmyVHulHylZoyFT9vZGi1HosAzsp0Qz1vJeJ/3ntxPQv/ZSHcWJYSGcP9RNBTESyCEiPK0aNGFuCVHF7K6FDVEiNDapoQ/Dmv7xIGqcVz614d2fl6nUeRwEO4QhOwIMLqMIt1KAOFBQ8wyu8OU/Oi/PufMxGl5x85wD+wPn8AfRAkNU=</latexit><latexit sha1_base64="J+rKiYOBlzQQfCx2i9AwnZzAy24=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krui6EUoevFYwX5Au5bZNG1Dk90lySpl6f/w4kERr/4Xb/4bs+0etPXBMI/3ZsjkBbHg2rjut7O0vLK6tl7YKG5ube/slvb2GzpKFGV1GolItQLUTPCQ1Q03grVixVAGgjWD0U3mNx+Z0jwK7804Zr7EQcj7nKKx0kNngFIiuSJuxXXPu6Vy1jOQReLlpAw5at3SV6cX0USy0FCBWrc9NzZ+ispwKtik2Ek0i5GOcMDaloYomfbT6dUTcmyVHulHylZoyFT9vZGi1HosAzsp0Qz1vJeJ/3ntxPQv/ZSHcWJYSGcP9RNBTESyCEiPK0aNGFuCVHF7K6FDVEiNDapoQ/Dmv7xIGqcVz614d2fl6nUeRwEO4QhOwIMLqMIt1KAOFBQ8wyu8OU/Oi/PufMxGl5x85wD+wPn8AfRAkNU=</latexit><latexit sha1_base64="J+rKiYOBlzQQfCx2i9AwnZzAy24=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krui6EUoevFYwX5Au5bZNG1Dk90lySpl6f/w4kERr/4Xb/4bs+0etPXBMI/3ZsjkBbHg2rjut7O0vLK6tl7YKG5ube/slvb2GzpKFGV1GolItQLUTPCQ1Q03grVixVAGgjWD0U3mNx+Z0jwK7804Zr7EQcj7nKKx0kNngFIiuSJuxXXPu6Vy1jOQReLlpAw5at3SV6cX0USy0FCBWrc9NzZ+ispwKtik2Ek0i5GOcMDaloYomfbT6dUTcmyVHulHylZoyFT9vZGi1HosAzsp0Qz1vJeJ/3ntxPQv/ZSHcWJYSGcP9RNBTESyCEiPK0aNGFuCVHF7K6FDVEiNDapoQ/Dmv7xIGqcVz614d2fl6nUeRwEO4QhOwIMLqMIt1KAOFBQ8wyu8OU/Oi/PufMxGl5x85wD+wPn8AfRAkNU=</latexit>
  = 0.008
<latexit sha1_base64="sT9bP9f6OSWeGhL2H0G/zM0MQDQ=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi2ItQ9OKxgv2Adi2zabYNTXaXJKuU0v/hxYMiXv0v3vw3Zts9aOuDYR7vzZDJCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKsoaNBaxageomeARaxhuBGsniqEMBGsFo5vMbz0ypXkc3ZtxwnyJg4iHnKKx0kN3gFIiuSJuxXWrvVI56xnIMvFyUoYc9V7pq9uPaSpZZKhArTuemxh/gspwKti02E01S5COcMA6lkYomfYns6un5NQqfRLGylZkyEz9vTFBqfVYBnZSohnqRS8T//M6qQmr/oRHSWpYROcPhakgJiZZBKTPFaNGjC1Bqri9ldAhKqTGBlW0IXiLX14mzfOK51a8u4ty7TqPowDHcAJn4MEl1OAW6tAACgqe4RXenCfnxXl3PuajK06+cwR/4Hz+APjMkNg=</latexit><latexit sha1_base64="sT9bP9f6OSWeGhL2H0G/zM0MQDQ=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi2ItQ9OKxgv2Adi2zabYNTXaXJKuU0v/hxYMiXv0v3vw3Zts9aOuDYR7vzZDJCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKsoaNBaxageomeARaxhuBGsniqEMBGsFo5vMbz0ypXkc3ZtxwnyJg4iHnKKx0kN3gFIiuSJuxXWrvVI56xnIMvFyUoYc9V7pq9uPaSpZZKhArTuemxh/gspwKti02E01S5COcMA6lkYomfYns6un5NQqfRLGylZkyEz9vTFBqfVYBnZSohnqRS8T//M6qQmr/oRHSWpYROcPhakgJiZZBKTPFaNGjC1Bqri9ldAhKqTGBlW0IXiLX14mzfOK51a8u4ty7TqPowDHcAJn4MEl1OAW6tAACgqe4RXenCfnxXl3PuajK06+cwR/4Hz+APjMkNg=</latexit><latexit sha1_base64="sT9bP9f6OSWeGhL2H0G/zM0MQDQ=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi2ItQ9OKxgv2Adi2zabYNTXaXJKuU0v/hxYMiXv0v3vw3Zts9aOuDYR7vzZDJCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKsoaNBaxageomeARaxhuBGsniqEMBGsFo5vMbz0ypXkc3ZtxwnyJg4iHnKKx0kN3gFIiuSJuxXWrvVI56xnIMvFyUoYc9V7pq9uPaSpZZKhArTuemxh/gspwKti02E01S5COcMA6lkYomfYns6un5NQqfRLGylZkyEz9vTFBqfVYBnZSohnqRS8T//M6qQmr/oRHSWpYROcPhakgJiZZBKTPFaNGjC1Bqri9ldAhKqTGBlW0IXiLX14mzfOK51a8u4ty7TqPowDHcAJn4MEl1OAW6tAACgqe4RXenCfnxXl3PuajK06+cwR/4Hz+APjMkNg=</latexit><latexit sha1_base64="sT9bP9f6OSWeGhL2H0G/zM0MQDQ=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi2ItQ9OKxgv2Adi2zabYNTXaXJKuU0v/hxYMiXv0v3vw3Zts9aOuDYR7vzZDJCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKsoaNBaxageomeARaxhuBGsniqEMBGsFo5vMbz0ypXkc3ZtxwnyJg4iHnKKx0kN3gFIiuSJuxXWrvVI56xnIMvFyUoYc9V7pq9uPaSpZZKhArTuemxh/gspwKti02E01S5COcMA6lkYomfYns6un5NQqfRLGylZkyEz9vTFBqfVYBnZSohnqRS8T//M6qQmr/oRHSWpYROcPhakgJiZZBKTPFaNGjC1Bqri9ldAhKqTGBlW0IXiLX14mzfOK51a8u4ty7TqPowDHcAJn4MEl1OAW6tAACgqe4RXenCfnxXl3PuajK06+cwR/4Hz+APjMkNg=</latexit>
  = 0.01
<latexit sha1_base64="U/wT/BjcxzXTRzQSdB2nfn5JPDk=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCvYD2qXMptk2NNldk2yhLP0dXjwo4tUf481/Y9ruQVsfDPN4b4ZMXpAIro3rfjuFtfWNza3idmlnd2//oHx41NRxqihr0FjEqh2gZoJHrGG4EaydKIYyEKwVjO5mfmvMlOZx9GgmCfMlDiIecorGSn53gFIiuSFu1fV65Yptc5BV4uWkAjnqvfJXtx/TVLLIUIFadzw3MX6GynAq2LTUTTVLkI5wwDqWRiiZ9rP50VNyZpU+CWNlKzJkrv7eyFBqPZGBnZRohnrZm4n/eZ3UhNd+xqMkNSyii4fCVBATk1kCpM8Vo0ZMLEGquL2V0CEqpMbmVLIheMtfXiXNi6rnVr2Hy0rtNo+jCCdwCufgwRXU4B7q0AAKT/AMr/DmjJ0X5935WIwWnHznGP7A+fwBfNqQlw==</latexit><latexit sha1_base64="U/wT/BjcxzXTRzQSdB2nfn5JPDk=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCvYD2qXMptk2NNldk2yhLP0dXjwo4tUf481/Y9ruQVsfDPN4b4ZMXpAIro3rfjuFtfWNza3idmlnd2//oHx41NRxqihr0FjEqh2gZoJHrGG4EaydKIYyEKwVjO5mfmvMlOZx9GgmCfMlDiIecorGSn53gFIiuSFu1fV65Yptc5BV4uWkAjnqvfJXtx/TVLLIUIFadzw3MX6GynAq2LTUTTVLkI5wwDqWRiiZ9rP50VNyZpU+CWNlKzJkrv7eyFBqPZGBnZRohnrZm4n/eZ3UhNd+xqMkNSyii4fCVBATk1kCpM8Vo0ZMLEGquL2V0CEqpMbmVLIheMtfXiXNi6rnVr2Hy0rtNo+jCCdwCufgwRXU4B7q0AAKT/AMr/DmjJ0X5935WIwWnHznGP7A+fwBfNqQlw==</latexit><latexit sha1_base64="U/wT/BjcxzXTRzQSdB2nfn5JPDk=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCvYD2qXMptk2NNldk2yhLP0dXjwo4tUf481/Y9ruQVsfDPN4b4ZMXpAIro3rfjuFtfWNza3idmlnd2//oHx41NRxqihr0FjEqh2gZoJHrGG4EaydKIYyEKwVjO5mfmvMlOZx9GgmCfMlDiIecorGSn53gFIiuSFu1fV65Yptc5BV4uWkAjnqvfJXtx/TVLLIUIFadzw3MX6GynAq2LTUTTVLkI5wwDqWRiiZ9rP50VNyZpU+CWNlKzJkrv7eyFBqPZGBnZRohnrZm4n/eZ3UhNd+xqMkNSyii4fCVBATk1kCpM8Vo0ZMLEGquL2V0CEqpMbmVLIheMtfXiXNi6rnVr2Hy0rtNo+jCCdwCufgwRXU4B7q0AAKT/AMr/DmjJ0X5935WIwWnHznGP7A+fwBfNqQlw==</latexit><latexit sha1_base64="U/wT/BjcxzXTRzQSdB2nfn5JPDk=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCvYD2qXMptk2NNldk2yhLP0dXjwo4tUf481/Y9ruQVsfDPN4b4ZMXpAIro3rfjuFtfWNza3idmlnd2//oHx41NRxqihr0FjEqh2gZoJHrGG4EaydKIYyEKwVjO5mfmvMlOZx9GgmCfMlDiIecorGSn53gFIiuSFu1fV65Yptc5BV4uWkAjnqvfJXtx/TVLLIUIFadzw3MX6GynAq2LTUTTVLkI5wwDqWRiiZ9rP50VNyZpU+CWNlKzJkrv7eyFBqPZGBnZRohnrZm4n/eZ3UhNd+xqMkNSyii4fCVBATk1kCpM8Vo0ZMLEGquL2V0CEqpMbmVLIheMtfXiXNi6rnVr2Hy0rtNo+jCCdwCufgwRXU4B7q0AAKT/AMr/DmjJ0X5935WIwWnHznGP7A+fwBfNqQlw==</latexit>
  = 0.03
<latexit sha1_base64="LlNOWUUcVAWgMwUuIb9RPtvQn1A=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4Krsq6EUoevFYwX5Au5TZNNuGJrtrki2Upb/DiwdFvPpjvPlvTNs9aOuDYR7vzZDJCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnScKsrqNBaxagWomeARqxtuBGsliqEMBGsGw7up3xwxpXkcPZpxwnyJ/YiHnKKxkt/po5RIbohbcS+6pbJtM5Bl4uWkDDlq3dJXpxfTVLLIUIFatz03MX6GynAq2KTYSTVLkA6xz9qWRiiZ9rPZ0RNyapUeCWNlKzJkpv7eyFBqPZaBnZRoBnrRm4r/ee3UhNd+xqMkNSyi84fCVBATk2kCpMcVo0aMLUGquL2V0AEqpMbmVLQheItfXiaN84rnVryHy3L1No+jAMdwAmfgwRVU4R5qUAcKT/AMr/DmjJwX5935mI+uOPnOEfyB8/kDf+KQmQ==</latexit><latexit sha1_base64="LlNOWUUcVAWgMwUuIb9RPtvQn1A=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4Krsq6EUoevFYwX5Au5TZNNuGJrtrki2Upb/DiwdFvPpjvPlvTNs9aOuDYR7vzZDJCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnScKsrqNBaxagWomeARqxtuBGsliqEMBGsGw7up3xwxpXkcPZpxwnyJ/YiHnKKxkt/po5RIbohbcS+6pbJtM5Bl4uWkDDlq3dJXpxfTVLLIUIFatz03MX6GynAq2KTYSTVLkA6xz9qWRiiZ9rPZ0RNyapUeCWNlKzJkpv7eyFBqPZaBnZRoBnrRm4r/ee3UhNd+xqMkNSyi84fCVBATk2kCpMcVo0aMLUGquL2V0AEqpMbmVLQheItfXiaN84rnVryHy3L1No+jAMdwAmfgwRVU4R5qUAcKT/AMr/DmjJwX5935mI+uOPnOEfyB8/kDf+KQmQ==</latexit><latexit sha1_base64="LlNOWUUcVAWgMwUuIb9RPtvQn1A=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4Krsq6EUoevFYwX5Au5TZNNuGJrtrki2Upb/DiwdFvPpjvPlvTNs9aOuDYR7vzZDJCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnScKsrqNBaxagWomeARqxtuBGsliqEMBGsGw7up3xwxpXkcPZpxwnyJ/YiHnKKxkt/po5RIbohbcS+6pbJtM5Bl4uWkDDlq3dJXpxfTVLLIUIFatz03MX6GynAq2KTYSTVLkA6xz9qWRiiZ9rPZ0RNyapUeCWNlKzJkpv7eyFBqPZaBnZRoBnrRm4r/ee3UhNd+xqMkNSyi84fCVBATk2kCpMcVo0aMLUGquL2V0AEqpMbmVLQheItfXiaN84rnVryHy3L1No+jAMdwAmfgwRVU4R5qUAcKT/AMr/DmjJwX5935mI+uOPnOEfyB8/kDf+KQmQ==</latexit><latexit sha1_base64="LlNOWUUcVAWgMwUuIb9RPtvQn1A=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4Krsq6EUoevFYwX5Au5TZNNuGJrtrki2Upb/DiwdFvPpjvPlvTNs9aOuDYR7vzZDJCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnScKsrqNBaxagWomeARqxtuBGsliqEMBGsGw7up3xwxpXkcPZpxwnyJ/YiHnKKxkt/po5RIbohbcS+6pbJtM5Bl4uWkDDlq3dJXpxfTVLLIUIFatz03MX6GynAq2KTYSTVLkA6xz9qWRiiZ9rPZ0RNyapUeCWNlKzJkpv7eyFBqPZaBnZRoBnrRm4r/ee3UhNd+xqMkNSyi84fCVBATk2kCpMcVo0aMLUGquL2V0AEqpMbmVLQheItfXiaN84rnVryHy3L1No+jAMdwAmfgwRVU4R5qUAcKT/AMr/DmjJwX5935mI+uOPnOEfyB8/kDf+KQmQ==</latexit>
  = 0.05
<latexit sha1_base64="sHghGhNIyUwo6PbCPjwKmCUZ8lc=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4Krui6EUoevFYwX5Au5TZNNuGJrtrki2Upb/DiwdFvPpjvPlvTNs9aOuDYR7vzZDJCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnScKsrqNBaxagWomeARqxtuBGsliqEMBGsGw7up3xwxpXkcPZpxwnyJ/YiHnKKxkt/po5RIbohbcS+7pbJtM5Bl4uWkDDlq3dJXpxfTVLLIUIFatz03MX6GynAq2KTYSTVLkA6xz9qWRiiZ9rPZ0RNyapUeCWNlKzJkpv7eyFBqPZaBnZRoBnrRm4r/ee3UhNd+xqMkNSyi84fCVBATk2kCpMcVo0aMLUGquL2V0AEqpMbmVLQheItfXiaN84rnVryHi3L1No+jAMdwAmfgwRVU4R5qUAcKT/AMr/DmjJwX5935mI+uOPnOEfyB8/kDguqQmw==</latexit><latexit sha1_base64="sHghGhNIyUwo6PbCPjwKmCUZ8lc=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4Krui6EUoevFYwX5Au5TZNNuGJrtrki2Upb/DiwdFvPpjvPlvTNs9aOuDYR7vzZDJCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnScKsrqNBaxagWomeARqxtuBGsliqEMBGsGw7up3xwxpXkcPZpxwnyJ/YiHnKKxkt/po5RIbohbcS+7pbJtM5Bl4uWkDDlq3dJXpxfTVLLIUIFatz03MX6GynAq2KTYSTVLkA6xz9qWRiiZ9rPZ0RNyapUeCWNlKzJkpv7eyFBqPZaBnZRoBnrRm4r/ee3UhNd+xqMkNSyi84fCVBATk2kCpMcVo0aMLUGquL2V0AEqpMbmVLQheItfXiaN84rnVryHi3L1No+jAMdwAmfgwRVU4R5qUAcKT/AMr/DmjJwX5935mI+uOPnOEfyB8/kDguqQmw==</latexit><latexit sha1_base64="sHghGhNIyUwo6PbCPjwKmCUZ8lc=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4Krui6EUoevFYwX5Au5TZNNuGJrtrki2Upb/DiwdFvPpjvPlvTNs9aOuDYR7vzZDJCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnScKsrqNBaxagWomeARqxtuBGsliqEMBGsGw7up3xwxpXkcPZpxwnyJ/YiHnKKxkt/po5RIbohbcS+7pbJtM5Bl4uWkDDlq3dJXpxfTVLLIUIFatz03MX6GynAq2KTYSTVLkA6xz9qWRiiZ9rPZ0RNyapUeCWNlKzJkpv7eyFBqPZaBnZRoBnrRm4r/ee3UhNd+xqMkNSyi84fCVBATk2kCpMcVo0aMLUGquL2V0AEqpMbmVLQheItfXiaN84rnVryHi3L1No+jAMdwAmfgwRVU4R5qUAcKT/AMr/DmjJwX5935mI+uOPnOEfyB8/kDguqQmw==</latexit><latexit sha1_base64="sHghGhNIyUwo6PbCPjwKmCUZ8lc=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4Krui6EUoevFYwX5Au5TZNNuGJrtrki2Upb/DiwdFvPpjvPlvTNs9aOuDYR7vzZDJCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnScKsrqNBaxagWomeARqxtuBGsliqEMBGsGw7up3xwxpXkcPZpxwnyJ/YiHnKKxkt/po5RIbohbcS+7pbJtM5Bl4uWkDDlq3dJXpxfTVLLIUIFatz03MX6GynAq2KTYSTVLkA6xz9qWRiiZ9rPZ0RNyapUeCWNlKzJkpv7eyFBqPZaBnZRoBnrRm4r/ee3UhNd+xqMkNSyi84fCVBATk2kCpMcVo0aMLUGquL2V0AEqpMbmVLQheItfXiaN84rnVryHi3L1No+jAMdwAmfgwRVU4R5qUAcKT/AMr/DmjJwX5935mI+uOPnOEfyB8/kDguqQmw==</latexit>
<latexit sha1_base64="Jm82uZKiBXeUE2vYnPJNj+iY2uc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjMxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtG4NvNbT0wbnsgHO1EsjHEo+YBTtE5qd8eoFPZqvVLZr/hzkFUS5KQMOeq90le3n9A0ZtJSgcZ0Al/ZMENtORVsWuymhimkYxyyjqMSY2bCbH7vlJw7pU8GiXYlLZmrvycyjI2ZxJHrjNGOzLI3E//zOqkd3IQZlyq1TNLFokEqiE3I7HnS55pRKyaOINXc3UroCDVS6yIquhCC5ZdXSfOyEviV4P6qXL3N4yjAKZzBBQRwDVW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP9rSj9U=</latexit><latexit sha1_base64="Jm82uZKiBXeUE2vYnPJNj+iY2uc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjMxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtG4NvNbT0wbnsgHO1EsjHEo+YBTtE5qd8eoFPZqvVLZr/hzkFUS5KQMOeq90le3n9A0ZtJSgcZ0Al/ZMENtORVsWuymhimkYxyyjqMSY2bCbH7vlJw7pU8GiXYlLZmrvycyjI2ZxJHrjNGOzLI3E//zOqkd3IQZlyq1TNLFokEqiE3I7HnS55pRKyaOINXc3UroCDVS6yIquhCC5ZdXSfOyEviV4P6qXL3N4yjAKZzBBQRwDVW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP9rSj9U=</latexit><latexit sha1_base64="Jm82uZKiBXeUE2vYnPJNj+iY2uc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjMxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtG4NvNbT0wbnsgHO1EsjHEo+YBTtE5qd8eoFPZqvVLZr/hzkFUS5KQMOeq90le3n9A0ZtJSgcZ0Al/ZMENtORVsWuymhimkYxyyjqMSY2bCbH7vlJw7pU8GiXYlLZmrvycyjI2ZxJHrjNGOzLI3E//zOqkd3IQZlyq1TNLFokEqiE3I7HnS55pRKyaOINXc3UroCDVS6yIquhCC5ZdXSfOyEviV4P6qXL3N4yjAKZzBBQRwDVW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP9rSj9U=</latexit><latexit sha1_base64="Jm82uZKiBXeUE2vYnPJNj+iY2uc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjMxWME84BkCb2TSTJkdnacmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1ZQ2aiES3IzRMcMkallvB2kozjCPBWtG4NvNbT0wbnsgHO1EsjHEo+YBTtE5qd8eoFPZqvVLZr/hzkFUS5KQMOeq90le3n9A0ZtJSgcZ0Al/ZMENtORVsWuymhimkYxyyjqMSY2bCbH7vlJw7pU8GiXYlLZmrvycyjI2ZxJHrjNGOzLI3E//zOqkd3IQZlyq1TNLFokEqiE3I7HnS55pRKyaOINXc3UroCDVS6yIquhCC5ZdXSfOyEviV4P6qXL3N4yjAKZzBBQRwDVW4gzo0gIKAZ3iFN+/Re/HevY9F65qXz5zAH3ifP9rSj9U=</latexit>
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Figure 5.15: (a) Decay of the charge of the pinned macroscopic circulation (κC) for the different dissipation
constants given in the legend. Each curve represents the average of 10 runs with different initial conditions
constrained by the energy of the cluster. (b) Decay of the charge of the pinned macroscopic circulation (κC)
as in (a), but here the time axis has been scaled by the dimensionless dissipation constant γ. All curves fall
on top of each other, highlighting the scaling of the dynamics with γ. Figure is reproduced and modified with
permission of O. R. Stockdale [274].
process. This is necessary due to increasingly large simulation times for decreasing γ. We calculate
the motion of vortices in time units of mR2/~. Within our simulations, we effectively run the system
for approximately ∼ 50 ms. After scaling our results, we find the experiment is consistent with a
dissipation factor of γ ∼ 2× 10−6.
5.9.4 Expanding vortex clusters
We also use the point-vortex model to observe the evolution of the density distribution of a vortex
cluster initialised by a strongly non-uniform distribution. This simulation is used in § 5.7 to test a
possible vortex decay scenario (scenario 1). In Fig. 5.16 we show that the density of a distribution of
N = 1000 vortices very quickly becomes uniform across the disk despite an initial Gaussian density
distribution, indicated in the first panel of Fig. 5.16. We have performed similar simulations with
initial density distributions corresponding to a ring or a flat-top, and observed the same rapid evolution
towards uniform density.
We next simulate the expansion of a vortex cluster under the influence of pinning sites (scenario 2 in
§ 5.7). As previously, we begin with a Gaussian density distribution of vortices, but phenomenologically
include vortex pinning within the point-vortex model. We model vortex pinning by asserting a mean-
free-path, `, associated to the likelihood of a single vortex becoming pinned. The probability of a
vortex ‘surviving’ is assumed to be exponentially decreasing, and hence the probability of a vortex
becoming pinned is P (pin) = 1 − exp(−∆x/`), where ∆x is the distance travelled by the vortex3.
3This simple model assumes an infinite pinning potential, such that once pinned, a vortex is permanently immobilized.
Other simulations with a critical pinning velocity below which a vortex gets pinned, which allow for multiple pinning and
unpinning events for each vortex, yield qualitatively similar results.
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Figure 5.16: Expansion of a vortex cluster with N = 1000 vortices from an initial Gaussian density distribution.
Time progression is indicated by the t labels. Even though the initial distribution in non-uniform, vortex
dynamics makes the cluster rotate as a rigid body, resulting in an approximately uniform density at later times.
This is evident from the insets, which show the physical positions of vortices on the disk tending towards a
uniform density as the cluster begins to crystallize. Figure is reproduced and modified with permission of
O. R. Stockdale [274].
Figure 5.17 shows that the density of a cluster of N = 100 vortices remains approximately Gaussian
for this situation, but become more spread out over the disk due to energy dissipation.
5.10 Single-shot observation of nonequilibrium vortex dynamics
We now move on to describing nonequilibrium vortex dynamics in our system, which we observe
in a single shot. The pinning of vortices on the microtoroid pedestal results in a macroscopic
circulation, as discussed above. The kinetic energy associated with the free vortices is given by
Kfree = Ktotal − Kpinned, where Kpinned = ρd(Nκ)2 ln (R/rp) /4pi is the kinetic energy of the
macroscopic circulation alone, with ρ = 145 kg/m3 being the density of superfluid helium and
rp ∼ 1µm the radius of the pedestal. It is shown for both our experimental data and simulations by the
red curves in Fig. 5.12a&c. During the first minute of evolution it is negative and, notably, increases
with time. The dynamics are characterized by steps up in energy during vortex annihilation events,
interspersed with a continuous dissipative decay.
The negativity of the free-vortex energy can be understood by considering the interference between
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Figure 5.17: Expansion of a vortex cluster with N = 100 vortices from an initial Gaussian density distribution
with vortex pinning. Time progression is indicated by the t labels. The pinning qualitatively changes the
dynamical evolution of the cluster compared to the no-pinning case (Fig. 5.16). The Gaussian density profile
remains approximately Gaussian throughout the simulation, with the standard deviation of the distribution
gradually increasing due to damping. Note that by t4, the cluster is essentially no longer expanding. The choice
of the mean-free-path l sets here the maximal cluster width before the vortices freeze out. Figure provided by
O. R. Stockdale [274].
the flow fields of a free-vortex and the macroscopic circulation. While the high flow velocity near the
core of a free vortex introduces kinetic energy, the vortex flow field also cancels a component of the
background flow. For a sufficiently large circulation, this cancellation effect dominates, leading to an
overall negative energy cost to introducing the vortex cluster (see § 5.5.3).
The increase in free-vortex energy over time can be explained by considering the process of vortex
annihilation in a macroscopic background flow. To annihilate, a free vortex must reach the pedestal,
where its contribution to the total kinetic energy is at a minimum. To do this, it gives up kinetic energy
to the remaining free vortices. This process of removing low energy vortices has been described
as evaporative heating [19], in analogy to evaporative cooling of ultracold atomic ensembles [275].
However, while standard evaporative heating can explain a per-vortex increase in kinetic energy [37],
its effect is to reduce the net free-vortex kinetic energy [37]. The physics is modified here by the
presence of a macroscopic background flow. The annihilation of a free vortex with a pinned circulation
quanta cancels a component of this flow, reducing its kinetic energy while leaving the total kinetic
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energy essentially unchanged, as can be seen by the lack of discrete steps in the blue curves of
Fig. 5.12a&c. We see, therefore, that annihilation events increase the kinetic energy of the free-vortex
cluster by drawing energy out of the background flow. This pushes the cluster outwards to a higher
separation, as illustrated by the metastable states just prior to, and after, an annihilation event in insets
i and ii of Fig. 5.12a. At later times, dissipation causes the separation to decay as shown in inset iii.
5.11 Vortex diffusivity and pinning on surfaces
As well as allowing the observation of evaporative heating in a single continuous shot, our experiments
allow the diffusivity D of vortices to be established in a new regime for two-dimensional superfluid
helium. Substantial research efforts have been devoted to understanding vortex diffusivity via its effect
on the damping and resonance frequency of a mechanical resonator [25] and on the attenuation of
third-sound [276], particularly in the context of dynamic corrections to the BKT transition. However,
those experiments could only interrogate the fluid at temperatures within a few tens of millikelvin of
the BKT transition, where the diffusivity is large enough to provide an unambiguous signal. In contrast,
our experiments allow the diffusivity to be characterized at a superfluid temperature T ∼ 500 mK,
far below the BKT transition temperature of around 1 K, where the superfluid fraction exponentially
approaches unity. We obtain a value of D = kBTγ/ρdκ ∼ 100 nm2 s−1, where T ∼ 500 mK is
the superfluid film temperature and kB is the Boltzmann constant. This diffusivity is six orders of
magnitude below previous measurements where the vortex dynamics is not dominated by pinning [25],
and verifies predictions made over thirty years ago that the diffusivity should be exceedingly small at
low temperatures [25].
Another crucial factor which allowed us to obtain such an exceptionally small value of diffusivity
is the atomically-smooth surface of our silicon chip. Indeed, the presence of surface roughness on a
substrate that is in contact with superfluid helium can significantly limit the ability of vortices to move
freely. In thin superfluid films strong pinning sites can freeze out vortex motion altogether [27]. For
example, surface roughness is thought to be the primary cause of discrepancy between measurements
of the vortex diffusivity around the BKT transition [25]. It is for this reason that studies of vortex
interaction, dissipation and diffusion are critically dependent on surface quality.
The effect of surface roughness on vortex motion can be understood by considering the case of a
superfluid film residing on a smooth substrate with a defect in the form of a spherical protuberance, as
shown in Fig. 5.18a [277, 278]. From this simple picture, one can see that a vortex confined to the
defect will be in an energetically favourable state. Indeed, for a constant film thickness d, the vortex
located on the defect (center) will have less kinetic energy than the one located off the defect (right)
due to its shorter length. This energy difference is associated to a trapping potential, which naturally
will grow with increasing defect size. Similarly, from this simple picture one can see that for a given
defect size, a thick film will lead to weaker pinning, as the height difference introduced by the defect
becomes proportionately smaller.
Depinning occurs when the forces acting upon the vortex due to the background flow exceed the
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Figure 5.18: (a) A simplified model of pinning due to a spherical defect in a thin film of superfluid helium of
thickness d. The vortex located on the defect (central dashed line) has less kinetic energy than the one off the
defect (right), due to its reduced length. (b) Background flow velocity, induced by N circulation quanta trapped
around the pedestal, versus radial offset from the disk center. The horizontal line indicates a flow velocity of
0.2 cm/s.
strength of the pinning potential. Clear signatures of depinning in superfluid films of thickness 3 nm
have been reported, for example, in Ref. [27]. In that experiment, the frequency splitting of degenerate
third-sound modes is slightly reduced when “stirring” the film at flow velocities above 150 cm/s, but
below the superfluid critical velocity. The observed change in splitting corresponds to depinning of
only a small fraction of the total number vortices, namely 102 − 103 compared to 105, respectively.
This observation suggests that those liberated vortices were attached to weak pinning sites, while the
remaining vortices were pinned to much stronger pinning sites, which may be consistent with the
comparatively larger surface roughness of their evaporated gold substrate.
In our work we ascribe the lack of any apparent contribution of pinning to the vortex dynamics to
the combination of an atomically smooth surface and a relatively thick superfluid film. The dynamics
of our system supports a model of a vortex dipole decaying down to a few remaining vortices after a
period of minutes. As the vortex dipole decays, the background flow velocity across the disk decreases,
as illustrated in Fig. 5.18b. The observed decay is consistent with point-vortex modelling in the
absence of pinning sites (see § 5.9), suggesting that pinning does not play a significant role in the
vortex dynamics in our system. Towards the end of the experimental run, the background flow induced
by two vortices pinned to the pedestal creates flow velocities below ∼ 0.2 cm/s over the majority of
the disk surface. Indeed, the free-vortex cluster explores these outer-parts of the disk because of vortex
annihilations and the evaporative heating effect which push the cluster towards the periphery of the
disk. These very low depinning velocities correspond to extremely small surface defects, likely to
be of comparable size to the vortex core, consistent with the expected atomic-scale roughness of our
commercially purchased silicon wafers.
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5.12 Conclusion
The experiments reported in this work were enabled by the greatly enhanced vortex-vortex, vortex-
sound, and sound-light interactions provided by microscale confinement. Interactions with strong pin-
ning sites have previously prevented the observation of coherent vortex dynamics in two-dimensional
superfluid helium [27]. In our experiments, vortex-vortex interactions dominate due to the increased
confinement and atomically smooth surface of the microtoroid. The smoothness of the surface results
in a conservative upper bound to the vortex unpinning velocity of 0.2 cm/s, three orders of magnitude
lower than in previous experiments [27]. As such, vortex-vortex interactions dominate even for
the smallest possible clusters containing only two vortices. Furthermore, a four-order-of-magnitude
enhancement in vortex-sound interactions compared to earlier experiments [26, 27] allows resolution
approaching the single-vortex level. Together, these capabilities provide a new tool for future study of
the rich dynamics of strongly-interacting two-dimensional superfluids on a silicon chip.
The ability to nondestructively track vortex dynamics in a single shot opens the prospect to explore
out-of-equilibrium dynamics and stochastic noise-driven processes that are challenging to study with
other techniques [251, 279]. It also promises to resolve contentious aspects of vortex dynamics in
strongly interacting superfluids, such as dissipation/diffusion models [25, 56], vortex inertia [49, 52]
and the Iordanskii force [53]. Furthermore, while the experiments reported here were performed with
a relatively small number of vortices, the A˚ngstro¨m-scale of the vortex core in helium-4 will enable
the future research on the dynamics of ensembles of thousands of vortices, a regime well outside
current capabilities with cold atom and exciton-polariton superfluids [263]. This could allow emergent
phenomena in two-dimensional turbulence to be explored, such as the inverse energy cascade [263,280]
and anomalous hydrodynamics [281, 282].
Chapter 6
Conclusion
The research presented in this thesis advances the understanding of the microscopic dynamics of
strongly interacting two-dimensional quantum fluids. Leveraging the state-of-the-art methods of cavity
optomechanics, we conducted a comprehensive investigation of some of the fundamental properties
of thin films of superfluid helium. The optomechanical system reported in this thesis consists of a
high-quality whispering-gallery-mode (WGM) optical microresonator coated with a few-nanometer
thick superfluid film. The microscale confinement provided by the optical resonator enables a great
enhancement of the interaction strength between the superfluid elementary excitations, such as phonons
and quantized vortices. A combination of the small volume of WGM optical modes and the strong
optomechanical coupling enhances light-matter interactions at the interface of the microresonator, thus,
allowing the microscopic dynamics of the elementary excitations and the interactions between them to
be read out optically with unprecedented resolution and precision.
6.1 Summary
Below we provide a summary of the results presented in the thesis.
Chapter 1 introduced the phenomenon of superfluidity and provided a necessary background for
the subject of the thesis. This chapter threw a glimpse at optomechanics in § 1.8 and presented the
constituents of our optomechanical configuration – WGM optical microresonators and superfluid
third-sound modes – in § 1.9 and § 1.10 respectively.
Chapter 2 introduced the paradigm of cavity optomechanics with thin films of superfluid helium.
Theoretical aspects of coupling between an optical field, confined within a high-quality whispering-
gallery-mode microcavity, and the superfluid mechanical motion were described in this chapter
(§ 2.2.1). The derivation of an effective mass of the superfluid third-sound modes was presented in
§ 2.2.2 and showed that thicker films (∼ 20− 30 nm) are more favourable for the quantum regime of
optomechanics. Moreover, the chapter introduced the experimental realization of our optomechanical
system (§ 2.3). Its unprecedented sensitivity and resolution enabled the first demonstration of the
capacity to track thermomechanical motion of superfluid helium in real time (§ 2.5), i.e. faster than the
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oscillator’s decay timescale. Furthermore, by cooling and heating mechanical modes of thin films of
superfluid helium, we showed the ability to control thermal motion of a quantum fluid (§ 2.6).
Our optomechanical system equipped us with the capacity to control superfluid flow with light on
a chip. This allowed us to demonstrate a new approach to strong microphotonic forcing of mechanical
oscillators in cryogenic conditions. Chapter 3 provided both theoretical and experimental descriptions
of the light-induced superfluid photoconvective forcing of a mechanical oscillator and showed that the
force from the superflow is stronger than its radiation pressure counterpart. We utilized this force to
feedback cool a vibrational mode of the microtoroidal resonator down to 137 mK (§ 3.3.4).
The capabilities to track phonon excitations of superfluid helium in real time and to control
superfluid flow with laser light constructively interfered in our capacity to study vortex-phonon
interactions in two-dimensional superfluid helium. Chapter 4 described the theoretical framework
for these interactions, which we rigorously quantified. Analytical calculations of the vortex-phonon
coupling rate for any arbitrary distribution of vortices within a cylindrical geometry were presented
in § 4.2. Furthermore, this chapter introduced a method for the finite-element modelling of the
vortex-phonon interactions within an arbitrary domain – not necessarily simply-connected – and for an
arbitrary distribution of vortices (§ 4.3).
Chapter 5 presented one of the key results of the thesis – the first nondestructive single-shot
observation of coherent vortex dynamics in a strongly interacting two-dimensional superfluid. Strong
confinement of superfluid helium on the atomically-smooth surface of a silicon chip enabled a great
enhancement of coherent interactions between vortices. A combination of the operating temperature
much lower than the Berezinskii-Kosterlitz-Thouless phase transition temperature and the atomically-
smooth surface of the chip resulted in a vortex diffusivity six orders of magnitude lower than in previous
measurements with unpinned vortices in superfluid helium films. In § 5.9 we showed that the observed
vortex dynamics is supported by point-vortex simulations. Moreover, in § 5.7 we presented four models
of the vortex dynamics feasible in our system and discriminated between them by comparing to the
experimental results.
6.2 Directions of future research
Our optomechanical system with thin superfluid films is favourable for both cavity optomechanics and
quantum fluids. The exploration of strongly interacting superfluids greatly benefits from the ultra-high
readout sensitivity and resolution of the system. One of the main goals for the near future is the first
observation and tracking of single quantized vortices in two-dimensional superfluid helium. This
achievement would open up new prospects for studying quantum turbulence, phase transitions, and
dissipation mechanisms in two-dimensional strongly interacting quantum fluids.
On the other hand, the compliant nature of thin superfluid films is highly attractive for applications
of optomechanics. Experiments for the near future include, but are not limited to, cooling of a quantum
fluid into its quantum-mechanical ground state, demonstration of a superfluid Brillouin laser, control
of the phononic eigenmodes with light, etc. Moreover, strong phonon-phonon interactions in thin
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superfluid films allow a regime of Duffing nonlinearity, which can be exploited for a generation of the
quantum superposition state of a macroscopic mechanical oscillator.
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Appendix A
Appendices
A.1 Mapping between quantities of superfluid dynamics, electro-
statics, and acoustics of an ideal gas
Here we demonstrate how quantities and equations of acoustics of an ideal gas can be mapped onto
dynamics of superfluids, and how two-dimensional electrostatics can be mapped onto vortex flow
fields.
2D-acoustics sound in 2D-BEC third-sound dynamics
density perturbation density perturbation third-sound amplitude
α(~r, t)[kg/m2] η(~r, t)[kg/m2] η(~r, t)[m]
static density static density unperturbed film height
ρ0[kg/m2] ρ0[kg/m2] h0[m]
background flow irrotational vortex flow irrotational vortex flow
u0(~r)[m/s] vv(~r)[m/s] vv(~r)[m/s]
irrotational flow velocity sound flow velocity third-sound flow velocity
δ~u(~r, t)[m/s] ~vs(~r, t)[m/s] ~v3(~r, t)[m/s]
static pressure atom-atom coupling linearized VdW coefficent
p0[J/m2] gBEC[Jm2] g = 3αvdwh40 [m/s
2]
speed of sound (acoustics) Bogoliubov sound velocity speed of sound (thin film)
c =
√
γRT [m/s] c =
√
gBEC · ρ0/m2 [m/s] c3 =
√
g · h0 [m/s]
fixed wall boundary fixed wall boundary free boundary
~u · ~n = 0 ~v · ~n = 0 ~v · ~n = 0
fixed pressure boundary fixed density boundary fixed boundary
p = p0 η = 0 η = 0
continuity equation (acoustics) continuity equation (BEC) continuity equation (thin film)
α˙ = −ρ0~∇ · ~u− ~u~∇α η˙ = −ρ0~∇ · ~v − ~v~∇η η˙ = −h0~∇ · ~v − ~v~∇η
linearized Euler (acoustics) linearized Euler (BEC) linearized Euler (thin film)
~˙u+ (~u · ~∇)~u = −γRT
ρ0
~∇α ~˙v + (~v · ~∇)~v = − 1
m
~∇(U + η
m
gBEC
)
~˙v + (~v · ~∇)~v = −g~∇η
Table A.1: Two-dimensional acoustics, sound dynamics in two-dimensional Bose-Einstein condensates in the
Thomas-Fermi limit at zero temperature, and third-sound dynamics on a thin film of superfluid helium.
135
APPENDIX A. APPENDICES 136
2D-electrostatics vortices
electric displacement field velocity field
~D(~r)[C/m2] ~vv(~r)[m/s]
electric line charge circulation quantum
Q[C/m] κ[m2/s]
Gauss’s law vortex flow equation∮
~D · d~n = Q ∮ ~vv · d~l = κ
perfect electric conductor (ground) tangential flow boundary
~D × ~n = 0 ~vv · ~n = 0
Table A.2: Mapping between electrostatics and vortex flow field. Units and equations are presented in two
dimensions.
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